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Abstract: Fluid structure interaction of an elastic plate with piezoelectric elements, turbulent
freestream flow at Mach 2.5, and a pressurized cavity is investigated computationally and corre-
lated with a recent experiment. The pressure field on the surface of the plate is measured using
pressure sensitive paint and the structural response is observed using the measured voltage of a
piezoelectric patch. The pressure and structural response are investigated in terms of frequency
content and amplitude variation over time. The measurements show a dominant frequency of
oscillation which indicates the likely onset of flutter and a post-flutter limit cycle oscillation
(LCO). A computational investigation is conducted to study the effects of static pressure dif-
ferential, temperature differential, cavity pressure coupling, and plate boundary conditions on
the linear flutter onset condition and the nonlinear post-flutter LCO characteristics. Rivets that
connect the plate to the supporting structure are modeled as local constraint in the in-plane
direction and their effect on the nonlinear stiffness is investigated. The measured plate natu-
ral frequencies outside of the wind tunnel are shown to be closer to pinned than to clamped
boundary conditions. Computations show that the coupling between the cavity acoustic and
plate structural modes is necessary for flutter onset in the wind tunnel conditions. Direct cor-
relation between computed and measured aerodynamic pressure shows reasonable agreement
in amplitude and frequency. Computational results are obtained using Piston Theory and also
potential flow aerodynamics, which is more appropriate for the reduced frequency on the order
of 1 considered in this work. Lastly, computed and measured pressure LCO mode shapes are
extracted and correlated using the spectral proper orthogonal decompositiorﬂ

IThis paper has also been submitted for publication to the AIAA Journal.
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NOMENCLATURE AND ABBREVIATIONS

a = plate length, m

e = cavity fluid speed of sound (with subscript), m/s
b = plate width, m

Poo = freestream static pressure, Pa

Pe(z,y, 2,1), Deres(t) cavity static pressure (perturbation, reference), Pa

w, u, v(z,y,t) = physical displacement components, m

Wy, Uy, vi(t) = 4-th modal displacement coordinates, m

K(z,y) = distributed in-plane boundary stiffness, N /m?

Kpc = Ka/Eh = non-dimensional in-plane boundary stiffness

P;i(t) = i-th modal cavity pressure coordinate, Pa
Wt (x,y) = {-th basis function for w, u, v(x, y, t)

Ve(x,y, 2) = i-th basis function for p.(z,y, z,t)

AT =T(z,y,t) — Tsupport = temperature differential, K

Aps =P — Deref = static pressure differential, Pa

BL = Boundary layer

PSP = Pressure sensitive paint

LPT = Linear Piston Theory Aerodynamics

PF = Potential Flow Aerodynamics

RMS = Root-mean-square

MM = Moving-mean

STFT = Short-time Fourier transform

SSSS = Simply supported (pinned) boundary conditions

CCCC = Clamped boundary conditions

SPOD = Spectral Proper Orthogonal Decomposition

u/s, d/s = Upstream, downstream

1 INTRODUCTION

Elastic plates in supersonic flow is a fluid-structure interaction problem that has been the focus
of a range of theoretical, computational, and experimental studies in recent years. Plates and
shells are used as structural elements in aerial vehicles where the aeroelastic response depends
on the local freestream conditions on the vehicle structure as well as the flight trajectory [1,2].
At certain freestream conditions, plates and shells may experience flutter and post-flutter limit-
cycle oscillation (LCO) which is a nonlinear phenomenon and in many cases not immediately
destructive to the structure [3]]. Accurate prediction of frequency, amplitude and the spatial
shape of the aeroelastic LCO is important for the design of low-weight reusable structures and
preventing fatigue failure [4]. The focus of this work is the response of a thin elastic plate
at Mach 2.5 considered in a recent experimental study [S]], which as will be shown, exhibited
post-flutter LCO near the edge of flutter envelope.

Until recent years, the focus of wind tunnel experiments conducted in the context of aeroelas-
ticity with elastic plates was predominately concerned with instability onset [658]]. Results of
these experiments were used to validate and calibrate theoretical and computational models.
With the advance of diagnostic capabilities, especially in full-field pressure and displacement
measurements, researchers shifted their focus and stepped beyond the flutter onset envelop.
With this in mind, it is timely to examine and extend existing computational tools for accurate
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characterization and prediction of LCO which involves structural nonlinearity. The following
is a brief review of important works in which high sampling rate diagnostics were used to in-
vestigate the post-flutter, post-buckling, and in some cases the likely combination of the two,
response of elastic plates.

In a recent experimental study, Daub et al. [9] measured the post-flutter LCO response of an
elastic plate at Mach 5.3. They showed static buckling due to aerodynamic heating in pre-
flutter conditions, post-flutter LCO response with heating to post-buckling temperature, and a
case of sudden stabilization. The smallest thickness considered was 0.3 mm for which a LCO
amplitude of up to 3 mm was reported. Nonlinear stiffness in thin plates becomes important
when the ratio between displacement and thickness is of order 1 [3]], and in this study a value
of 10 was measured. This suggest that the response was dominated by a structural nonlinearity
and that the structure was under freestream conditions significantly beyond flutter onset. An
experimental study by Spottswood et al. [4] showed the transient response of an elastic plates
at Mach 2 with hot flow reaching a stagnation temperature of 390K during the supersonic wind
tunnel start. The plate displacement showed flutter onset, reaching of LCO, and stabilization due
to buckling which was supported by a related computational study [10]. The nondimensional
displacement in this experiment reached values of between 1 and 2 while the computations
produced larger values by a factor of up to 2.

Brouwer et al. [[11] measured chaotic and periodic LCO responses at Mach 2 using full-field dis-
placement and pressure measurement techniques. Experimental configuration and facility was
as in [4] however the work extended to study the effect of cavity pressure and shock impinge-
ment on the fluid-structure response. Post-flutter LCO amplitudes of up to 3 were measured.
In a subsequent computational work [[12]], Brouwer et al. used an in-house finite element struc-
tural model with Piston Theory aerodynamics enriched with the steady-state fluid field from a
Reynolds-averaged Navier-Stokes (RANS) solution. The correlation between computations and
experiment showed good agreement for cases with an attached boundary layer. With a stronger
impinging shock and boundary layer separation, frequency content and amplitudes differences
between computation and experiment grew. A more recent experimental study by Brouwer et
al. [13]] showed additional experimental results with impinging shock, boundary layer separa-
tion, and post-flutter LCO response with an amplitude of up to 3 plate thicknesses.

Other researchers measured elastic oscillation of plates in high-speed flows with smaller nondi-
mensional amplitudes. Currao and He [14] used point displacement laser sensors to measure
the oscillation of a plate at transonic speeds. Whalen et al. [[15] considered a plate mounted on
a shock ramp and while the amplitude of the dynamic oscillation was small, aerodynamic heat-
ing led to a static deflection at the center of approximately 1 plate thickness. Eitner et al. [16]]
measured the response of a thin compliant plate positioned upstream of a compression ramp at
Mach 2 however no indication of significant FSI coupling was found suggesting the plate was
far from flutter onset. Daub et al. [[17] measured the response of a plate at Mach numbers 3
and 4 under a moving impinging shock however the oscillation amplitude was relatively small.
Gramola et al. [[18]] measured the full-field deformation of a plate at Mach numbers 1.4 and
2 with different impiniging shock configuration and static pressure differential by controlling
the cavity pressure. However deformation was measured at a relatively low rate of 100 Hz and
average deformation shapes were shown to reach a displacement of up to 5 thicknesses.

The present paper is organized as follows. In Section 2] the theoretical-computational model of
a plate, aerodynamic pressure, and acoustic cavity are described. In Section |3} the wind tunnel
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experiments [5] are described and computations are correlated with bench tests outside of the
wind tunnel. In Section [] results of stability and post-flutter transient analyses are presented
and correlated with experiment.

2 THEORETICAL MODEL

Figure (1| shows the top and side views of the aeroelastic test article. The article consists of
an elastic plate with two piezoelectric patches, labeled upstream (u/s) and downstream (d/s),
an incoming supersonic freestream flow on one side, and a closed cavity on the other. The
piezoelectric patches are assumed to be bonded ideally to the plate on its lower side. In the
computational model, the plate is considered with either clamped or pinned (simply-supported)
transverse edge connections and with distributed in-plane springs around the edges. The upper
surface of the plate interacts with the incoming flow which affects the local static pressure, i.e.
aerodynamic response. The plate has a temperature distribution A7’ which in this work de-
creases over time due to the relatively low stagnation temperature of the flow and it is assumed
uniform across the plate. The differential between the temperature of the plate and the temper-
ature of the rigid support structure creates an in-plane thermal stress. On the lower surface of
the plate there is a closed cavity with an acoustic pressure component p. due to the interaction
of the non-convecting fluid and the elastic plate. The plate is also under the load of a static
pressure differential, Ap; = ps — Pe.res, Which is independent of the plate motion.

In this work, the model derived in [19] is used however the in-plane boundary elasticity is mod-
ified to add the effect of local elasticity at the rivets. In addition, unsteady Potential Flow (PF)
aerodynamics as formulated in [20] is implemented and compared with linear Piston Theory
(LPT) aerodynamics. The PF aerodynamic model is expected to be more accurate at lower
Mach numbers and reduced frequencies of order one [3] than LPT, which is the case in the
present experiment.
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Figure 1: (a) Top and (b) sg?i)e views of the elastic plate with two piezoelectric patgi?es, freestream flow, cavity,
static pressure differential, in-plane edge stiffness K (x, y), rivets, and support and plate temperatures.
2.1 Plate model with rivets, cavity acoustics, and aerodynamics

A computational-theoretical model is derived in modal coordinates for the transverse plate dis-
placement and the pressure perturbation inside the cavity according to Equation

Ny

w =Y WPz, y)w(t) (1a)
Ne

pe =Y _Ui(x,y,2)Bi(t) (1b)
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The coupled governing system is shown in Equation [2] with the various fluid-structure terms
identified and underlined (NL = nonlinear).

Mnkwk + anwk + Ggllk)wk + ATG;S,gwk + D(2) WrWyrWg

 nkrs
Vv v
linear plate model NL structural stiffness ( 28.)
LPT/PF . c s o
~~ o ~—— ~~
aerodynamic pressure cavity coupling  static pressure differential
LE iy + — M, By + C By + K&, Py = 0 2b
Pe nkwk+_2 nkl ke + Ol + K e = ( )
——— az
plate coupling ~~ 4

acoustic wave eqn.

The mass of piezoelectric elements is included in the calculation of the modal mass matrix M.
Temperature differential AT is assumed uniform and prescribed in transient and eigenvalue
solutions. The effect of elastic in-plane boundary conditions is included through the calculation
of the linear thermal stiffness G 7(13]3 and the nonlinear stiffness Dq(fk)m. The aerodynamic pressure

LPT/ PF(w, w) is considered as LPT or PF and their exact form is detailed below. However
they are both a function of modal displacement and velocity. For a detailed formulation and

derivation of the different terms the reader is referred to [|19].

An important modification is made to the structural model of the elastic edges in the in-plane
direction (see Figure [I). In previous work [19], the elastic component was considered along
the full length of the four edges. However for the present study a plate was designed and
manufactured with discrete rivet connections to the supporting structure as shown in Figures
[Mand 2] A similar experimental configuration was considered in [17] and the importance of
adding rivets to the computational finite-element model was demonstrated. Rivets carry shear
in-plane loads which in this structural model is represented by the in-plane boundary restraint.
To account for the elastic energy due to rivets at discrete locations the in-plane stiffness terms
are calculated as follows

= [ [+ wrvnla] ar)

yig 3)
f= [ K[t s 0Dl o}

Ty

Ty

Tz

Where the summation over indices 7, and r, represents the number of rivets along each pair of
edges. The above formulation assumes symmetrical rivet placement for each pair of edges. The
limits of integration determine the effective length of the restraint.

2.2 Linear Piston Theory and Potential Flow aerodynamics

Two aerodynamic models are considered: (1) first order linear Piston Theory (LPT) and (2)
Potential Flow (PF) aerodynamics. Both forms can be derived from the linear potential flow
equations [3]] which is applicable for small displacements typical to plates and shells. However
LPT is obtained in the limit of high Mach number and any reduced frequency or for any Mach
number for high reduced frequencies. The following Equation shows the aerodynamic stiffness
and damping terms of LPT

QET = Agkwk + Appwy 4)
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As will be shown in the results section, the dominant reduced frequency in the current problem
is of order one while the Mach number is 2.5. These parameters might be considered outside the
range of LPT applicability. To address this, the PF is used for most of this work (except for the
eigenvalue approach solutions) and selected comparisons with LPT are made. The following
is the aerodynamic terms for PF which includes the LPT stiffness and damping with the added
memory effects represented by the time convolution integrals

t t

QLY = Al + A% wy + /Ink(t — T)ug(T) d7 + /an(t — T)wi(7) dr ®)
0 0

Detailed formulation and derivation can be found in [3]] and [20]]. Also see [21]].

2.3 Solving the coupled fluid-structure system

Equation [2| shows a system of second order ordinary differential equations in time of size N +
N¢. The unknowns are the modal coordinates w,, and F,, with their respective initial conditions
provided. Two solution methods are used in the present work: (1) eigenvalue approach for
stability and modal parameters analysis and (2) direct time-marching to obtain the transient
and LCO characteristics. In both cases, 12 chordwise and 2 spanwise (symmetrical) bending
structural modal coordiantes are used. The nonlinear stiffness and linear thermal stiffness terms
are calculated using 20 chordwise and 20 spanwise in-plane displacement modes (u,, and v,,).
For the cavity acoustic pressure, 10 chordwise, 2 spanwise and 1 depth modes are used.

For both solution methods, the system in Equation 2]is reduced to first order differential equation
in time by defining a stacked vector, ¢ of modal coordinates as follows

(6)

<
I
avBaeRSIRS]

In the eigenvalue approach, Equation [2]is linearized in terms of the modal displacement of w,,
to account for an optional initial static deformation w; (e.g., due to Ap,) which involves the
nonlinear terms. Lastly, a small amplitude harmonic solution is assumed as follows

y =g, w=C(wp+wgi @)

Solving the eigenvalue problem produces 2 x (N, + N.) eigenvectors § and eigenvalues w
which can be decomposes into the natural frequency and modal damping as shown in Equation
The eigenvalues appear as conjugate pairs because the mass and stiffness matrices are real
valued and the number of equations is even. The eigenvalues with non negative frequencies are
selected and thus N,, + N, eigenvalues and eigenvectors remain. Note that zero frequencies
are kept as they may represent the cavity Helmholtz mode, which is analogous to a rigid body
motion mode, and possible statically unstable elastic modes due to buckling or divergence.
In the present work, the LPT aerodynamic model is used in all solutions obtained using the
eigenvalue approach.

The time marching solution is obtained by reformulating Equation [2| in terms of the stacked
vector of coordinates in Equation[7] The convolution integrals in Equation [5| are implemented
by obtaining the convolution kernels 7,,;, and H,,; at discrete time points and using linear inter-
polation to evaluate intermediate values. The ordinary differential system of equations is solved

6
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using MATLAB’s ode45 solver which is of the Runge-Kutta family with an adaptive time step.
The convolution integral is truncated at a preset time window determined by the decaying value
of the kernels.

For direct correlation of measured and computed aerodynamic pressure, the generalized aero-
dynamic force is transformed to physical pressure after the time marching solution is obtained.
The PF aerodynamic generalized force QZ'F(t) is transformed to pressure in physical coordi-
nates pT'F'(x,y,t) as follows. First, recall that the generalized force is defined as the integral
over the plate area of the physical pressure times the modal n-th modal coordinate

QF = / / PPE G du dy ®)

Next, we assume the aerodynamic pressure in physical coordinates can be represented in the
same modal basis as the displacement w

N
P = (e y) PP (1) ©)
Substitute Equation [9]into Equation [§]

QrF = / G PPRGY dy dy = S PP (10)

In the last transition the structural mass is identified (without scaling for the material properties)
which generally is not diagonal. Finally, P is obtained by inverting the mass matrix and the
pressure in physical coordinates is obtained using Equation [9]

Piezoelectric elements used in this work produce voltage when they experience strain which can
be related to the deformation of the plate. Similar to aerodynamic pressure, the piezoelectric
voltage is calculated after a time marching solution is obtained using the following relation

Ve = Vi'ui + Vv + Viwi + Vi wiw + V' T (11)
Formulation and derivation details can be found in [22].

3 WIND TUNNEL EXPERIMENTS AND BENCH-TESTS
3.1 Wind tunnel facility and the test article

The experiments were conducted in the variable Mach number blowdown supersonic wind tun-
nel at North Carolina State University with a 150 mm x 150 mm x 650 mm test section. While
the facility can be operated between Mach 1.6 - 4.0, the Mach number was set to 2.5 for this
study. The test run lasted 10 seconds including the transient start and finish while the stable
conditions were maintained for 8 seconds. The freesteram conditions are shown in Table [1l

The test article consisted of an elastic plate manufactured from an Aluminum sheet with nominal
dimensions of 305 mm x 90 mm x 0.5 mm. The thin sheet was riveted to a supporting structure
as shown in Figure [2| creating a closed cavity on one side and with the other side exposed to the
freestream flow. The effective dimensions of the plate fixed by rivets and material properties are
shown in Table[2] Two piezoelectric elements were attached to the inner surface of the plate with
properties and geometry listed in Table [2| The voltage of the downstream piezoelectric element
is measured at 100 kHz and downsampled to 10 kHz to investigate the structural response of the
plate. Pressure sensitive paint (PSP) is used to measure the pressure field on the plate surface at
arate of 10 kHz. For more details on the experimental configuration and measurements see [3|].

7
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Figure 2: (a) Elastic plate fixed to a test bench during impact hammer tests (freestream side is shown) and (b)
schematic of the plate connection to the 3D-printed plastic frame (red) using screws (light gray) inserted
from the bottom into the steel support (gray) and up to the plastic frame.

Table 1: Freestream and cavity parameters

Parameter Value
Freestream Mach, M, 2.5
Freestream speed, Uy, (m/s) 574
Freestream static pressure, p., (kPa) 26.33
Reynolds number, Re, (1/m) 5.3 x 107
Stagnation temperature, 7 (K) 295
Cavity nominal pressure, p. .y (kPa) 32.4

Static pressure differential, Ap; = poo — peres (kPa) —6.07
Cavity temperature, 7, (K) 295

3.2 Natural frequencies - bench tests

Modal bench testing was conducted for the plate with piezoelectric elements and cavity struc-
ture shown in Figure 2] using the roving hammer method with three accelerometers. Figure
B3] shows the experimental and computed results for the first 8 natural frequencies. The com-
puted results are shown for clamped and pinned transverse boundary conditions in four different
configurations that include with/without cavity coupling and with/without added mass of two
piezoelectric elements. The cavity fluid parameters used for this calculation are for air in room
conditions. Results also include the theoretical natural frequencies of the cavity for the first two
modes (horizontal dashed lines) without coupling to the plate.

The first five natural frequencies in Figure [3] show good agreement between theory and exper-
iment for the pinned boundary conditions. Computational results also show that the clamped
plate is more sensitive to the piezoelectric elements mass than the pinned plate which may re-
duce the natural frequencies of the first two modes by more than 100/ z. The effect of the
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Table 2: Material and geometrical properties of the plate and piezoelectric patches

Parameter Value
Material Aluminum
Modulus of elasticity, £ (GPa) 68
Density, p,, (kg/m?) 2700
Poisson’s Ratio, v 0.33
Coefficient of thermal expansion, « (1/K) 241076
Length, a (mm) 292
Width, b (mm) 76.2
Thickness , i (mm) 0.5

Cavity depth , d. (mm) 38.1
Piezo. Patch Model Q220-A4BR-1305YB
Modulus of elasticity, £, (GPa) 68

Density (mean, total mass of 2.3 gr), p, (kg/m?) 11166
Piezo. Patch Length, a, (mm) 31.8
Piezo. Patch Width, b, (mm) 12.7
Piezo. Patch Thickness , h, (mm) 0.51
Upstream patch center location , z2/* /a 0.25
Downstream patch center location , 2/ /a 0.7

1400 -

—5¢— Experiment
—e— CCCC-Cav0-piezoMassO

—>¢— Experiment

—e— S$555-Cav0-piezoMass0
1200 £ CCCC-Cav0-piezoMassl
CCCC-Cavl-piezoMass0

________________ $95S-Cav0-piezoMass1 »
SSSS-Cavl-piezoMass0
—e— CCCC-Cavl-piezoMass1 1000 | | —e— SSSS-Cavl-piezoMass1
1000

1200

fn (Hz)

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
Structural mode number n Structural mode number n
(a) b)

Figure 3: Computed natural frequencies of a plate with (a) clamped and (b) pinned edges, with and without cavity
coupling at room condition (Cav0/1), with and without piezo mass (piezoMass0/1). The first two cavity
modes are shown in nominal form (without coupling to the plate). The experiment was conducted with
cavity and piezoelectric elements.

cavity on the flat plate natural frequencies in room conditions is relatively small. However
there is an important point to clarify with regard to cavity and plate modes. When we solve the
coupled eigenvalue problem for the plate and cavity dynamics, the resulting eigenvalues and
eigenvectors contain a mixture of natural frequencies and mode shapes of the coupled plate-
cavity system. In Figure [2] the computational results for the structural modes were isolated by
looking at the mode shapes and removing modes with dominant participation of cavity dynam-
ics. This process was done manually and the threshold to determine which mode is dominant
was not always clear. However there are only two cavity modes in the range of up to 1400H z
and any error created by a wrong selection leads to an error of approximately £50H z in natural

9
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frequency. The experimental results, on the other hand, do not contain separate information
about the cavity modes and so the measured frequencies are likely to include a cavity mode
around 600H z. The measured mode number 6 is possibly a cavity mode and if we omit it and
shift modes number 7 and 8 one index to the left, the error between theory and experiment is
reduces to the range of +20% as is observed for the first five modes.

In the wind tunnel experiment, the plate is under a static pressure differential which leads to
static deformation on the order of the plate thickness and the contribution of nonlinear stiffness.
This effect is highly sensitive to the in-plane boundary conditions [[10,19]]. In the present experi-
ment, the plate is connected to the supporting structure using rivets which is different than many
previous works. To investigate the effect of in-plane boundary conditions on the contribution of
nonlinear stiffness, two theoretical formulations are considered. In the first, in-plane elasticity
is considered as distributed elasticity at the locations of the rivets according to Equation 3] A
radius of 3 mm is considered for the rivets including those located in the corners. In the sec-
ond formulation, edge elasticity is distributed along the full edge as considered in the authors’
previous work [[19]]. Figure 4{shows results for both formulations with different values of non-
dimensional in-plane stiffness and the freestream and cavity conditions inside the wind tunnel.
Note that the in-plane boundary conditions have no effect on the results in 2] because the plate
was flat. Figure ffa) shows that for the two smallest values of K ¢, the natural frequencies of a
statically deformed plate are almost identical. Only at the highest considered value is a change
observed where the frequencies increase at lower order modes and decrease at the higher or-
der modes. In Figure [b) where the elasticity is along the full edge it is seen that the natural
frequencies are sensitive to K g¢ and all three values show variation in the natural frequencies.
Interesting to note is that for K g = 100, both in-plane boundary models show similar results
for the natural frequencies. The configuration with the rivets in this case becomes similar to a
case with fixed edge points in the in-plane direction which approximately similar to the case of
a full fixed edge. The figure also shows the dominant frequency measured in the wind tunnel
which is slightly lower than the first two natural frequencies of the coupled system with small
values of K pc. Following these results, all computations from this point will be for the pinned
plate with in-plane elasticity at the rivets and Ko = 1.

4 RESULTS AND DISCUSSION

In this section computational results are presented and correlated with the wind tunnel experi-
ment. Figure[5|shows the short-time Fourier transform (STFT, absolute value squared is plotted)
of the measured pressure (PSP, detrended component normalized by instantaneous moving-
mean) at the plate center and the voltage of the downstream piezoelectric element (detrended
component normalized by instantaneous moving-mean). All STFTs are calculated using a win-
dow size of 0.5 seconds, an overlap of 0.495 seconds, and a sampling rate of 20 £H z. Figure
5] shows a dominant harmony at 325 Hz in both signals with an approximately constant am-
plitude. This is in contrast to authors’ previous work [22] where a steel plate responded with
small amplitude oscillation and a wide range of participating structural modes in the range of
900 Hz and 3000 Hz. Without a direct measurement of displacement oscillation amplitude, the
frequency content of the response is the strongest indicator for post-flutter LCO in this experi-
mental campaign.

The following results are organized as follows. First, a linear stability analysis is presented and
the effects of static deformation and cavity coupling are discussed. Next, transient computations
show the sensitivity of the LCO amplitude to the static pressure differential. And lastly, transient
simulations are presented with direct correlation with experiment.

10
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Figure 4: Natural frequencies of a plate with pinned edges and in-plane edge stiffness modeled as (a) local elasticity
only at the rivets position and (b) elasticity along the full edge. Cavity and Piston Theory aerodynamics
coupling to the plate is considered at wind tunnel test conditions. The plate is deformed due to static
pressure differential leading to nonlinear added stiffness (maximum displacement is shown in the legend).
The added mass due to two piezoelectric elements is considered. The first two cavity modes are shown
in nominal form (without coupling to the plate). Experiment (wind tunnel) - dominant frequency of
oscillation observed in the measured pressure and piezo voltage.
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Figure 5: Experimental data - (a) pressure sensitive paint (normalized by moving-mean) at the plate center and (b)
downstream piezoelectric element voltage (normalized by moving-mean) short-time Fourier transforms.

4.1 Flutter analysis

Flutter analysis is conducted using the linear eigenvalue method as described in Section
Through the rest of this work, results are presented for pinned edges with in-plane boundary
conditions modeled as rivets with a parameter of Kz~ = 1 following the conclusions from
Section Figure |6 shows stable and flutter regions in the static pressure differential and tem-
perature differential plane. The dashed line shows the approximate wind tunnel test trajectory.
The temperature differential range was determined by measuring the plate temperature before
and after the wind tunnel test. The static pressure differential is the difference between the static
pressure of the freestream flow and the cavity reference pressure. Both pressures vary (mod-
estly) over time in the wind tunnel experiment and the shown value is an approximation. As
will be shown in the following results, the plate stability and post-flutter dynamics are highly

11
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sensitive to static pressure differential in this range.

Figure [f[a) shows the number of unstable modes where zero means the plate is stable. It is
shown that for a relatively small change in Ap, the unstable response may show a qualitative
change, e.g., by exhibiting more than a single dominant frequency during LCO. Figure [6(b)
shows the frequency of the unstable mode that has the largest value of negative damping. The
lowest flutter frequency is found to be around 355 Hz, which is close to the peak oscillation
energy found experimentally and shown in Figure [5] This lowest frequency is due to first
and second mode coalescence flutter. However for Ap, smaller than —6k Pa, the dominant
unstable mode switches to 595 H z which is due to cavity and plate mode coupling. Even higher
frequencies are found and attributed to the second and third cavity modes. Another notable
finding is the weak sensitivity to AT which is the result of the relatively soft in-plane boundary
restraint.
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Number of unstable modes
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©
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Figure 6: Stability diagram in Aps vs. AT plane showing (a) the number of unstable modes and (b) the frequency
of the most unstable mode. A dashed arrow shows the wind tunnel conditions trajectory.

Figure [7] shows the modal frequencies of the plate and cavity versus AT at wind tunnel con-
ditions for two configurations: (a) with and (b) without coupling between the plate and cavity
dynamics. The figure shows that without coupling, the plate remains stable for all AT values.
However the coupled solution predicts two modes of instability:(1) first and second structural
mode coalescence and (2) third structural and first cavity mode coupling at 375 Hz and 590 Hz
respectively. It is found that for all values of Ap, in the range of interest, cavity coupling is nec-
essary for instability of both types. To reach flutter onset without cavity dynamic coupling (and
with added stiffness due to static deformation) at the wind tunnel test conditions, a significantly
higher freestream static pressure of p,, = 104k Pa is required (4 times that of the wind tunnel
freestream flow limit at Mach 2.5).

4.2 LCO amplitude sensitivity to static pressure differential

Figure 8| shows the normalized aerodynamic pressure rms at the plate center in a transient solu-
tion in which the static pressure differential is increased and decreased. In this computation, the
temperature differential is held constant at —4 K. The results show the sensitivity of the post-
flutter LCO response amplitude of aerodynamic pressure to static pressure differential. The
figure also shows the range of aerodynamic pressure rms measured with PSP (dashed red lines)
which visualizes that some values of Apg may provide reasonable correlation between compu-
tational and experiment results. The figure emphasizes that the direct use of the wind tunnel
conditions, which are the mean conditions over the test duration, are not likely to result in good
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Figure 7: Modal frequency vs. AT of plate, freestream, and cavity system for two configurations (a) with and
(b) without plate-cavity coupling, calculated for wind tunnel conditions (Aps = —6kPa). Black: plate

modes (stable), green: cavity modes (stable), red: unstable modes.

agreement between theory and experiment due to significant sensitivity to these parameters.
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Figure 8: Computed moving-rms of pressure at the plate center vs. time using PF aerodynamics during static
pressure differential increase and decrease (at a rate of +1kPa/sec). Experiment - range of values from
PSP are shown with red dashed lines.

Figure [9]shows the computed displacement at the plate center and the STFT of the aerodynamic
pressure during an increase and decrease of Ap,. The figures show that, as predicted by the lin-
ear stability analysis, transition between different modes of instability and participating modes
is observed. Hysteresis in the transition between stable and unstable states is observed similar to
that in [10]. Also note that the frequency content shows that the coalescence flutter around 350
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Hz appears simultaneously with the cavity mode around 600 Hz in this range of parameters.
This in contrast to the experimental measurements which did not show signs of cavity mode
participation (see Figure[3)).
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Figure 9: Left column: displacement at the plate center vs. time using PF aerodynamics during static pressure dif-
ferential increase and decrease (at a rate of =1k Pa/sec), right column: aerodynamic pressure frequency
content vs. time (STFT) at the plate center.

4.3 Transient response: aerodynamic pressure and displacement

In the next set of results the static pressure differential, Ap,, is held constant at values close to
the mean value inside the wind tunnel while the temperature differential, AT, is decreased at
a rate of —1K/sec starting from zero. This simulates the dynamics of these parameters inside
the wind tunnel and makes this a direct correlation with the experiment. For each set of results,
two aerodynamic models are considered, LPT and PF. For a dominant frequency of 325 Hz
measured in the experiment, the reduced frequency is w - a/U,, =~ 1 and the Mach number is
2.5. In these conditions PF is expected to provide more accurate results over LPT [3,20].

Figure 10| shows the moving mean and moving rms of displacement at the plate center versus
time for the duration of 8 seconds using PF aerodynamics and different values of Ap,. It is
shown that the relatively small change in Ap, may lead to significant qualitative difference in
the transient response as highlighted by the results for Ap, = —6kPa. Both the mean and
rms of the response decrease over time due to AT decrease. Figure [11]shows the same results
obtained using LPT aerodynamics. With LPT, the response with Ap, = —6k Pa is smooth like
the other three cases. In addition, the response rms is increasing with decreasing AT" over time,
which is in contrast to results obtained with PF.

Figures |12 and [13|show the transient response for different values of Ap, obtained with PF and
LPT, respectively. Both sets of figures show the normalized displacement at the plate center
and the STFT of the aerodynamic pressure at the same location. The STFT plots with both
aerodynamic models show that instability at the lower frequency of 350 Hz is dominant at Ap,
of -4.5 kPa and -5 kPa. As Ap, decreases, the response becomes dominated by the plate-cavity
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Figure 10: (a) Moving-mean and (b) moving-rms of displacement at the plate center vs. time, with PF aerodynam-
ics, constant static pressure differential, and decreasing temperature differential (at a rate of —1K/sec).
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Figure 11: (a) Moving-mean and (b) moving-rms of displacement at the plate center vs. time, with LPT aero-
dynamics, constant static pressure differential, and decreasing temperature differential (at a rate of
—1K/sec).

resonance at 600 Hz. With PF aerodynamics and Ap, = —6kPa, a non-periodic response is
obtained. Overall computations with PF predict that as AT decreases, LCO amplitude should
decrease. This is in contrast to LPT that predicts an increase in LCO amplitude.

Figures [[4[a) and [I4[(b) show the moving rms of pressure at the plate center obtained with
PF and LPT, respectively. Similar to the displacement response, the two aerodynamic models
disagree on the dynamics with respect to the decrease in AT" over time. With PF aerodynamics
pressure rms remains relatively constant while LPT shows a smooth increase over time. The
figures also show the pressure rms measured in the experiment. The curve that shows the
experimental results was calculated by first detrending the PSP measurements, then calculating
the moving window rms and normalizing it by the same moving mean of the same time window.
This reduces uncertainties in freestream flow static pressure and the PSP calibration curve.
Overall, theory and experiment agreement is reasonable considering the high sensitivity to Ap;.
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Figure 12: Left column: displacement at plate center vs. time for pinned boundary conditions with PF aerodynam-
ics, constant static pressure differential, and decreasing temperature differential (at a rate of —1K/sec),
right column: pressure frequency content vs. time (STFT) at the plate center.

4.4 Transient response: piezoelectric element voltage

So far, the transient response was investigated through the displacement and aerodynamic pres-
sure at the plate center where direct correlation between computation and experiment was pre-
sented only for the latter. In Figure [I5] the moving mean and moving rms of voltage on the
downstream piezoelectric patch is shown for different values of Ap,. On Figure[I5]a) the mov-
ing mean of the measured voltage is shown after amplification by a factor of 40 to bring the
values to a visible range when compared to computations. While the relation in Equation|1 1|re-
lates modal displacement of the plate to the theoretical voltage of the piezoelectric element, the
scaling coefficient may vary significantly due to the signal conditioning system. More generally,
the signal conditioning system introduces a transfer function between deformation and the volt-
age output which, for accurate measurements, requires calibration over a range of frequencies
of interest [23]].

To utilize the voltage measurements without calibration, voltage moving rms values in Figure
[I5[b) are normalized by the instantaneous value of the moving mean. This is expected to remove
dependency on the scaling factor while the potentially complicated behavior with respect to
frequency is assumed to have a minor effect. Agreement between the computed and measured
moving rms values show reasonable agreement similar to the pressure correlation in Figure

4.5 LCO mode shape extraction

The spectral proper orthogonal decomposition (SPOD) [24] is used to extract the spatial mode
shapes of the LCO from measurements and computed aerodynamic pressure. SPOD is com-
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Figure 13: Left column: displacement at plate center vs. time for pinned boundary conditions with LPT aero-
dynamics, constant static pressure differential, and decreasing temperature differential (at a rate of
—1K/sec), right column: pressure frequency content vs. time (STFT) at the plate center.
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Figure 14: Moving-rms of pressure at the plate center vs. time. Computational results with (a) PF and (b) LPT
aerodynamics, constant static pressure differential, and decreasing temperature differential (at a rate of
—1K/sec).

puted using 85 chordwise and 25 spanwise points in the PSP measurement field. A signal of
4 seconds is used from both the experiment and computation after skipping the first second of
data to the skip the transient phase. Each point signal is processed by subtracting a linear best
fit curve (detrend). SPOD is applied on signals sampled at 20 kHz using a window size of 0.25
seconds and overlap of 0.225 seconds.
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Figure 15: (a) Moving-mean and (b) moving-rms (normalized by instantaneous moving-mean) of voltage com-
puted and measured at the downstream piezoelectric element vs. time. Computational results with PF
aerodynamics, constant static pressure differential, and decreasing temperature differential (at a rate of
—1K/sec).

Figure [16 shows the SPOD spectra for the experimental PSP data. The first eigenvalue is dom-
inant and shows peaks around 350 Hz and smaller peaks around 1150 Hz which is near the
theoretical frequency of the cavity second mode. No significant peak is observed at the first
cavity mode around 600 Hz. In contrast to the STFT in Figure [5(a) which is applied to a signal
at a single point (plate center), the SPOD uses multiple points and captures dynamics at a sig-
nificantly wider range of frequencies. Figure [17|shows the mode shapes corresponding to peak
values at 324 Hz and 386 Hz. It is important to note that in post-flutter oscillation, the structural
response of a plate is nonlinear and the LCO is not necessarily periodic in time. This means
that the LCO mode shape might not have a simple representation using the fundamental modes
of a flat plate. The mode shape appears to show more participation at the trailing edge than
the leading edge with participation of up to the 5th chordwise mode. However at this point its
important to emphasize that these mode shapes are the aerodynamic pressure and not the struc-
tural mode shapes. To clarify the difference between the two, consider Equation {] where the
aerodynamic stiffness term is expected to be dominant at Mach 2.5 and in physical coordinates
it is a function of the local chordwise slope, 8—’;. Now consider the shape of the first chordwise
mode and notice that the spatial shape of its chordwise derivative has negative and positive sides
making it appear as a higher order mode. A similar effect is observed in Figure [I'/| where it is
likely that the structural mode participating here is the 4th mode. Also, some asymmetry in the
spanwise direction is observed in Figure[I7|b).

Figure [I8| shows the SPOD spectra for the computed solution with PF aerodynamics and two
values of Ap;. Figure [I2|showed that a value of Ap, = —5kPa leads to a periodic LCO while
the lower value of Ap, = —6kPa leads to a nonperiodic LCO. This qualitative difference is
also shown through the SPOD spectra for the two cases. In contrast to the experimental data, a
wide range of peak frequencies is found in the range of up to 2000 Hz. Peak frequencies near
350 Hz are selected and the corresponding mode shapes are shown in Figure [I9]

S CONCLUSION

The post-flutter LCO response of an elastic plate in Mach 2.5 flow was investigated computa-
tionally and correlated with experiment. The structural computational model was extended to
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Figure 16: SPOD spectra for the pressure sensitive paint experimental data. The black line shows the dominant
eigenvalue spectra which is used to extract the spatial mode shapes at two peak values as shown by the
two red circles. The rest of the lines show spectra of higher order eigenvalues.
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Figure 17: Experiment - SPOD extracted mode shapes (of aerodynamic pressure) at peak frequencies of (a) 324H z
and (b) 386 H z, top and bottom rows show the real and imaginary parts, respectively.

include more detailed in-plane boundary conditions by adding rivet connection elasticity and a
sensitivity study for the static pressure differential was conducted. Full-field measurements of
pressure were used to correlated with computed aerodynamic pressure using two aerodynamic
models of different levels of complexity and accuracy. The measured voltage on a thin elastic
piezoelectric patch was used to study the structural response and correlated computation with
experiment. The following conclude the key findings of the present study.

1. Plate connection to the supporting structure using rivets was found to be important to
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the nonlinear structural stiffness. The change in natural frequency of a plate under a
static load is sensitive to the level of restraint at the edges. Subsequently, the change
in natural frequencies of the structure is important for the aeroelastic stability and post-
flutter response. Rivets were found be closer to free in-plane boundary conditions than
fixed however their discrete spatial distribution impacts each structural mode differently.
An eigenvalue stability analysis showed that the dynamic coupling between cavity pres-
sure, plate, and freestream flow is essential for flutter onset under the studied conditions.
This is a surprising result considering previous works suggesting limited cavity effect on
aeroelastic stability [10].

The transient post-flutter LCO aerodynamic pressure and displacement response were
investigated computationally and correlated with experiment. Potential flow aerodynam-
ics showed non-priodic LCO which agrees better with experiment while Piston Theory
aerodynamics result in periodic LCO. Significant sensitivity to static pressure differential
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was found using both aerodynamic models which suggests that direct correlation between
theory and experiment is a challenging task near the flutter envelop.

4. SPOD was used to analyze the frequency content and extract the spatial shape (distribu-
tion) of the aerodynamic pressure during LCO. The decomposition was applied on mea-
sured and computed pressure and in both cases the spatial shapes showed the participation
of up to the 4th chordwise modal shape.
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