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1 INTRODUCTION

1.1 Aeroelastic Stability of Highly-Flexible Wings with Distributed Propellers: State of
the Art

Within the emergent electric aircraft market, Distributed Electric Propulsion (DEP) is a promis-
ing concept. It provides benefits in terms of aerodynamics and propulsive efficiency, noise
reduction, and vehicle control [1]. Some of the new aircraft concepts applying DEP have high
aspect ratio wings for improved efficiency. The light structure, in conjunction with the large
propellers and motors mass and inertia, results in an enhanced structural flexibility of the wing,
which can lead to an interaction between elastic deformations and rigid body flight dynamics
that favors aeroelastic instabilities. This interaction may in turn be intensified by the gyroscopic
effects induced by the propellers rotation, and the propellers aerodynamics.

In effort [2], the aeroelasticity of a wing clamped at the root featuring distributed propellers
is analyzed, and it is shown that the angular momentum of a large wing tip propellers has an
important effect on the aeroelasticity of the wing. Contribution [3] explains that propeller whirl
modes have an impact on the stability of the wing, after proposing a framework to study the
aeroelastic stability of a wing clamped at the root featuring distributed propellers and linear
beams to account for the structure. Effort [4] assessed the influence of whirl flutter on the
design of the DEP Aircraft X-57 through multibody dynamic analyses on a semi-span clamped
model.

With the push towards more efficient aircraft, structural geometric nonlinearities are progres-
sively becoming more relevant and need to be included in the design. These nonlinearities are
generally a consequence of very large deflections but can also be driven early, at non-large
deflections, by particular architectures, such as in Joined Wings cases [5]. Among the con-
sequences of these nonlinearities at the aeroelastic level are the non-conservative prediction of
static and dynamic instabilities and the relative change of mechanisms driving them [6]. The rel-
evance of this phenomenon is exemplified by the Pazy wing test case [7], a benchmark model
for geometrically nonlinear aeroelastic studies involving large deflections in low-speed flow,
and by the vast body of literature about it.

A thorough study of aeroelastic instabilities should consider possible coupling with flight dy-
namics responses. A phenomenon such as Body Freedom Flutter [8] is an example driven by
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such interaction. On the other hand, even if no aeroelastic instability occurs, such coupling can
impact flying qualities. The overall stability problem should be formulated considering a flying
flexible body [9, 10].

In the current state of the art, there are studies on the aeroelastic assessment of distributed elec-
tric propulsion and on flight dynamic-aeroelastic coupling. However, no research has focused
on highly flexible wings (and their relative nonlinearities) featuring distributed propulsion while
accounting for the concurrent coupling with flight dynamics.

1.2 Challenges and Contributions

The INDIGO (Integration and Digital Demonstration of Low-emission Aircraft Technologies
and Airport Operations) project [11, 12], financed within the Horizon Europe programme, re-
unites academia, research centres and airports to identify the margins of improvement in airport
Local Air Quality and Noise (LAQN) resulting from the introduction of a new non-conventional
mid-range aircraft. The novel airframe features distributed propulsion based on hybrid elec-
tric/sustainable and conventional fuel powertrain and large aspect-ratio wing capable to fly qui-
etly and in zero-to-low-emission mode (i.e. electric and SAF) at low altitudes near airports and
resorts to conventional aviation fuel only when required, e.g., at higher altitudes or to recharge
batteries during cruise.

The concurrent integration of several propellers along a highly flexible wings increases the
complexity of aeroelastic response for the following reasons:

• Having typically lower natural frequencies, the aeroelastic modes have more room for
interaction with the flight-dynamic ones.

• With the wing being more flexible, the coupling with the classic whirl-flutter phenomenon
is possibly tighter; the same holds for the coupling with the flight dynamics, where, at the
propeller level, it is just a displacement and rotation of the mount point.

• With the wing being more flexible, non-negligible differences arise when assuming a non-
deformed reference condition or the real one in flight. This is true both at the aerodynamic
level and the structural one (geometric nonlinearities).

This study presents the derivation of the system of equations, incorporating all relevant coupled
physics, and its implementation into a digital tool. The software’s capabilities are subsequently
demonstrated using a synthetic baseline model of an aircraft with a highly flexible wing and
DEP. Aeroelastic stability analyses are conducted using approaches of increasing complexity
regarding the couplings and physical phenomena considered. The results are analyzed and dis-
cussed, emphasizing the differences in aeroelastic behavior when utilizing models that include
specific couplings and physical effects.

2 THE COUPLED FLIGHT DYNAMIC-AEROELASTIC STABILITY MODEL

This section presents the theoretical framework behind the coupled flight dynamic-aeroelastic
stability module. Firstly, the perturbation equations of motion are derived for a general equi-
librium condition. Then, the non-linear trim module to obtain the equilibrium condition is ex-
plained. Modal analysis is discussed to serve as appropriate basis for the analysis of the (small)
displacements relative to the non-linear equilibrium. The aerodynamic models for the unsteady
aerodynamics of both lifting surfaces and propellers are then described. Finally, the complete
system of equations governing the flight dynamic-aeroelastic stability of the aircraft is derived
and a solution procedure is suggested.
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2.1 The Flight Dynamic-Aeroelastic Stability Equation

The Stability Equation is derived starting from Lagrange’s equation:

d

dt
(
∂T

∂η̇
)− ∂T

∂η
+
∂U

∂η
=
∂(δW ))

∂(δη)
(1)

The formulation is oriented towards the integration of linear finite element models, which are
the basis in aeroelasticity. The next assumptions are made for the derivation of the theoretical
framework:

• Assumption 1. The aircraft is discretized into finite elements using a lumped mass ap-
proach. Thus, the aircraft is discretized into points (k) with a mass (mk) and an inertia
tensor (Jk). Each rotating mass (propeller) is then modelled as a point with a mass and
an inertia tensor.

• Assumption 2. Local translational and rotational elastic displacements with respect to
an equilibrium condition are small; perturbation theory is used and linear elastic theory
applies.

• Assumption 3. Elastic displacements are described using an orthogonal mode shapes
basis obtained from a free-free modal analysis of the aircraft.

2.1.1 Kinematics: position and velocity of a generic point of the aircraft

Two reference frames are defined: an inertial frame (ΣI) attached to the Earth’s surface and a
body frame (ΣB) attached to the aircraft. For a generic point of the aircraft:

R = R0 + r0 + u (2)

where:

• R0 ≡ position of the origin of ΣB

• r0 ≡ position of a differential of mass in the reference aircraft’s configuration

• u ≡ variation of the position of the differential of mass with respect to the reference
configuration due to deformations

The next assumption is made: Assumption 4.
dr0
dt

∣∣∣∣
B

= 0

Let us differentiate between any generic point of the aircraft (denoted as with the sub-index k),
all the points but the propeller points (sub-index i) and the points associated to each propeller
(sub-index p). The linear velocities of points i and p are expressed in the same form, but their
rotational velocities expressions differ:

dRk

dt

∣∣∣∣
I

= v + ωB,I × (r0k
+ uk) + u̇k = v + ω̃B,I(r0k

+ uk) + u̇k

Ωi = ωB,I + φ̇i

Ωp = ωB,I + φ̇p + ωPH

(3)

where:
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• (̇) = d
dt
()

∣∣∣∣
B

• ωB,I is the angular velocity of reference frame ΣB with respect to ΣI . The adopted stan-
dard is that of the Tayt-Bryan Angles:

ωB,I

∣∣∣∣
B

=

pq
r

 = L

ϕ̇θ̇
ψ̇

 ; L =

1 0 −sinθ
0 cosϕ cosθsinϕ
0 −sinϕ cosθcosϕ

 (4)

• φ̇i is the angular velocity of point i due to deformations; φ̇i is defined according to the
Tayt-Bryan angles (each angle defines a rotational deformation angle at point i). These
angles define a new reference frame ΣAi

with respect to ΣB.

φ̇i

∣∣∣∣
Ai

= Li

ϕi

θi
ψi

 ; Li =

1 0 −sinθi
0 cosϕi cosθisinϕi

0 −sinϕi cosθicosϕi

 ; qroti =

ϕi

θi
ψi

 (5)

• φ̇p is the angular velocity of point p due to deformations and is defined, again, according
to the Tayt-Bryan angles (each angle defines a rotational deformation angle at point p).
These angles define a new reference frame ΣAp with respect to ΣB

• The symbol ”˜” above a variable denotes the skew-symmetric matrix corresponding to a
vector (for cross-products), such that:

ω̃ =

 0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0

 (6)

• ωP,H is the angular velocity vector of the rotating mass at point p.

2.1.2 Kinetic energy
The kinetic energy of the aircraft can be expressed as the sum between the translational kinetic
energy and the rotational kinetic energy (T = EkinT

+ EkinR
).

EkinT
=

1

2

∑
i

ṘT
i Ṙimi+

1

2

∑
p

ṘT
pṘpmp =

1

2
mvTv−

∑
k

mkv
T (r̃0k+ũk)ωB,I+

∑
k

mkv
T u̇k−

− 1

2

∑
k

mkωB,I
T (r̃0k + ũk)(r̃0k + ũk)ωB,I +

∑
k

mkω
T
B,I(r̃0k + ũk)u̇k +

1

2

∑
k

mku̇
T
k u̇k (7)

EkinR
=

1

2

∑
i

Ωi
TJiΩi+

1

2

∑
p

Ωp
TJpΩp =

1

2

∑
k

ωT
B,IJkωB,I+

∑
k

ωB,I
TJkφ̇k+

1

2

∑
k

φ̇T
kJkφ̇k+

+
∑
p

ωB,I
TJpωPH +

∑
p

φ̇T
pJpωPH +

1

2

∑
p

ωPH
TJpωPH (8)

where Jk is the inertia tensor of point k and Gp is the gyroscopic matrix of the p− th propeller:

Gp = ωPH

 0 Ixz −Ixy
−Ixz 0 Ix
Ixy −Ix 0


p

(9)
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2.1.3 Simplification of the kinetic energy expression
Recalling assumptions 2 and 3 (small amplitude vibration around the equilibrium state), dis-
placements can be written as a (truncated) superposition of (linearized about the reference sys-
tem) of structural modes around the equilibrium state:

u = [Φ]ηE (10)

Mean axes [13] about the non-linear equilibrium state are used as body-reference frame, such
that:

• Origin of the body frame (mean axes frame) is located at the instantaneous center of mass:∫
V

rρdV = 0 −→
∑
k

mk(r0 + ud) = 0 (11)

• Internal linear momentum relative to elastic translations is zero:∫
V

u̇dρdV = 0 −→
∑
k

mku̇dk
= 0 (12)

• Internal linearized angular momentum relative to elastic deformations is zero:∫
V

r̃0u̇dρdV = 0 −→
∑
k

mkr̃0u̇dk
+
∑
k

Jkq̇rotdk
= 0 (13)

The previous two mean axes constraints are automatically satisfied since elastic displacements
are approximated using the modal shapes of the free-free aircraft.∫

V

u̇dρdV =

nE∑
i=1

dηi
dt

∫
V

ϕiρdV = 0

∫
V

r̃0u̇dρdV =

nE∑
i=1

dηi
dt

∫
V

r̃0ϕiρdV = 0

(14)

Two further hypothesis which are common when analyzing the flight-dynamic-aeroelastic sta-
bility using mean axes are [14] [15] [16]:

• Perturbation deformations and deformations rates are collinear:∫
V

ũdu̇d = 0 −→
∑
k

mkω
T
B,I(r̃0k + ũk)u̇k +

∑
k

ωB,I
T [BRAk

]JkLkq̇rotk = 0 (15)

• The change in inertia due to perturbation deformations is negligible:

1

2

∑
k

ωB,I
T (−mk(r̃0k + ũk)(r̃0k + ũk) + [BRAk

]Jk[Ak
RB])ωB,I ≈

≈ 1

2

∑
k

ωB,I
T (−mkr̃0k r̃0k + Jk)ωB,I =

1

2
ωB,I

TJ0ωB,I (16)

After these simplifications, the kinetic energy expression reads:

T =
1

2
mvTv +

1

2
ωB,I

TJ0ωB,I +
1

2
η̇TEMEE η̇E +

1

2

∑
p

ωPH
TJpωPH+

+
∑
p

ωB,I
TJpωPH −

∑
p

qrotp
T [Gp]ωB,I +

∑
p

q̇T
rotpJpωPH +

∑
p

q̇T
rotp [Gp ]qrotp

(17)
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2.1.4 Potential energy

The potential energy of the aircraft is the sum of the gravitational potential energy Ug and the
elastic strain energy Ue.

Ug = −
∫
V ol

(g ·R)dm = −g ·ROBm

Uel =
1

2

∫
V ol

∑
ijkl

CijklεijεkldV =
1

2
ηE

T [KEE]ηE
(18)

2.1.5 Equations of motion

The generalized coordinates that will be used are the position of the origin of the mean axes
frame, the orientation angles of the mean axes frame relative the inertial one and the elastic
modal coordinates describing displacements relative to the equilibrium. Applying Lagrange
equations results in the following system of equations:

mv̇ + ωB,I0v + ω̃B,Iv0 =

∂F

∣∣∣∣
B

∂p

∣∣∣∣
0

δp

J0ω̇B,I + ω̃B,I0J0ωB,I + ω̃B,IJ0ωB,I0 +
∑
p

[Gp]ωB,I +
∑
p

[Gp]q̇rotp+

+ω̃B,I0

∑
p

[Gp]qrotp =

∂M

∣∣∣∣
B

∂p

∣∣∣∣
0

δp

MEE η̈E +KEEηE +
∑
p

[Φrotp ]
T [Gp][Φrotp ]η̇E +

∑
p

[Φrotp ]
T [Gp]ωB,I =

∂δW

∂(δηE)

(19)

where v is now the perturbation velocity vector, v0 the reference velocity vector, ωB,I the
perturbation angular speed of the mean axis frame, ωB,I0 the reference angular speed of the
mean axis frame, and δp a vector containing all the perturbations that affect the forces and
moments.

For completeness, the kinematic equations need to be added to the previous system of equations.

The inertial velocity of the aircraft is defined by the rate of displacement of its center of mass:

V = vo + v =
dvo

dt

∣∣∣∣
I

+
dv

dt

∣∣∣∣
I

= (ẊEiI + ẎEjI + ŻEkI) + (ẋEiI + ẏEjI + żEkI) =

= (U iB + V jB +WkB) + (uiB + vjB + wkB)

(20)

where the sub-index I denotes inertial reference frame and B refers to the mean axes frame.

The orientation of the mean axes frame with respect to the inertial one is defined by the Euler
angles (Φ = ϕ0 + ϕ, Θ = Θ0 + θ, Ψ = ψ0 + ψ), according to the Tayt-Bryan Formalism.
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2.2 Reference Condition: Trim

2.2.1 The aerodynamic problem

The iterative nature of the non-linear flexible trim requires the use of a fast aerodynamic tool to
evaluate the forces on the deflected configurations. Moreover, distributing rotary devices ahead
of the wing results in complex aerodynamic interactions between the wake shed by the blades
and the downstream surfaces. The selected compromise is to calculate the aerodynamics of the
aircraft with DUST, a mid-fidelity tool developed to provide fast and reliable aerodynamic sim-
ulations of Vertical Take-Off and Landing (VTOL) aircraft configurations. The tool has been
shown to provide reliable and fast predictions of the aerodynamic performance of unconven-
tional VTOL aircraft [17–22].

The mathematical formulation behind this software relies on the Helmholtz’s decomposition
of the velocity field, which allows to recast the aerodynamic problem as a combination of a
boundary value problem for the potential part of the velocity and a mixed panels-vortex parti-
cles model for the free vorticity field in the flow. The lifting surfaces are modelled with surface
panels, whereas propellers are modelled using lifting lines. Vorticity is shed from the trailing
edge of both lifting lines and lifting surfaces and is then convected according to the local ve-
locity, effectively considering the swirl imparted by the propellers on the flow impinging on the
wing.

The reader is referred to [23] for more details about the derivation.

2.2.2 The structural problem

The structural in-house solver (pyBeam) [24] is based on a 6 DoF geometrically non-linear
beam formulation. The Euler-Bernoulli beam kinematic assumption is considered. The equa-
tion governing the displacements of the structure in its discretized Finite Element (FE) form
is:

G(us) = fs − fint(us) = 0 (21)

where us, fs and fint are, respectively, the nodal generalized displacements, the external and
internal load forces vector.

The previous equation is solved by a Newton-Raphson method:

Kus = −G(us) (22)

where K = ∂G(us)
∂us

is the Jacobian/tangent matrix.

2.2.3 Splines and mesh deformation methods

Aerodynamic and structural grids are generally non-coincident. A Moving Least Squares Algo-
rithm is used to compute the spline matrix that relates structural and aerodynamic coordinates,
displacements and forces [24]. Let xs ∈ RNs be the coordinates of the structural nodes, and
xa ∈ RNa be the coordinates of the aerodynamic moving grid, then it is possible to define a
spline matrix S = S(us,ua), such that:

ua = Sus

fs = ST fa
(23)

where ua represents the displacements of the aerodynamic grid, us the displacements of the
structural grid, fs the forces and moments on the structural nodes, and fa the forces and moments
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on the aerodynamic nodes. The same procedure can be used to transfer displacements and forces
among other relevant points of the grid, such as element centers.

Within the present formulation, after solving for structural displacements, both the aerodynamic
and structural grids can be updated by simply summing the displacements to the aerodynamic
and structural grid coordinates of the previous iteration i− 1:

xa
i = xa

i−1 + u∗
a −→ Da = 0

xs
i = xs

i−1 + u∗
s −→ Ds = 0

(24)

where a relaxation parameter α can be applied to the boundary displacements to ensure stability
of the method:

u∗
a = αui

a + (1− α)ui−1
a

u∗
s = αui

s + (1− α)ui−1
s

(25)

2.2.4 The trim problem: Fluid-Structure Interaction (FSI)

The equilibrium condition under consideration is steady-level flight. The equations that govern
this equilibrium are:

F(xa, c) =

[
Lcosα−W

Mycg

]
= 0; c =

[
α
δe

]
(26)

where α and δe are the Angle of Attack (AoA) and elevator (or any other control surface)
deflection, respectively, and Mycg is the pitching moment with respect to the center of gravity.

The equilibrium along the longitudinal direction (thrust equation) has been removed, since in
a first approximation it is independent from the other two. Given the thrust that each propeller
needs to produce, the necessary propeller’s collective pitch is first calculated using Blade Ele-
ment Theory instead of the Vortex Particle Method to accelerate numerical computations, while
retaining similar accuracy.

Given an aerodynamic grid, the previous equation can be solved using a Good-Broyden’s
method [25], which falls within the class of quasi-Newton methods. Due to the quasi linear
relation between aerodynamic response, this method rapidly converges. The whole solution
procedure to find the non-linear trim is described in the next image.
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Figure 1: Non-linear trim workflow.

2.3 Modal Analysis
After convergence of the trim procedure, the deflected shape is obtained. From the structural
shape, it is possible to obtain the updated mass and stiffness matrices. A modal analysis is then
performed to obtain the updated modes. Such shapes represent the modal basis to be used when
formulating and resolving the perturbation aeroelastic equation.

2.4 Enhanced DLM for Potential Unsteady Aerodynamics
The Doublet Lattice Method (DLM) is a vastly used method to compute the unsteady aerody-
namics of lifting surfaces [26]. However, in its original formulation, it only calculates loads due
to local pitching and plunging of the lifting surfaces, neglecting contributions due to in-plane
motion and in-plane forces. This approximation provides good results on conventional wings.
However, it may fail to provide accurate results on configurations where in-plane loads and the
corresponding moments are important, like T-tails [27]. The in-plane forces can be relevant
also when studying the free-free aircraft and important interactions between lateral-directional
flight-dynamic and aeroelastic modes. In a high aspect-ratio wing, in-plane loads may cause
non-negligible in-plane bending due to the higher flexibility. Furthermore, the gyroscopic mo-
tion of propellers tends to couple the yaw and pitch motion of the propeller’s axis (whirl mode).
When the rotor’s mass is sufficiently large compared to the wing’s stiffness, this can lead to a
coupling between in-plane bending, out-of-plane bending, and torsion. Hence, there may be a
need to retain in-plane loads and motion in high aspect-ratio wings with distributed propellers.

In the presence of large deflections the approximation of considering the aerodynamic forces
about the undeformed configuration may lead to incorrect prediction. The effects of steady out-
of-plane bending and in-plane bending can be simply modelled by approximating the deformed
lifting surface with several wing segments with different sweep and dihedral. However, the
inclusion of angle of attack, twist and camber is more complex, due to the restriction that the
velocity goes in the x− direction in the derivation of the pressure potential equation. Therefore
a classic DLM cannot model these effects and modifications are required.

To this aim, the general form of the non-penetration boundary condition (evaluated at the Con-
trol Point - CP - of each aerodynamic box j) needs to be derived [28]:

Vj · nj = 0 −→ (U∞ + u0j
+ u1j

eiωt − iωhje
iωt) · (n0j

+ reiωt × n0j
) = 0 (27)
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where u0 and u1 are the steady and unsteady perturbation velocity induced by all boxes on the
control point of the j − th box; hje

iωt is the velocity of the control point of the j − th box and
reiωt×n0j

is the rotation of the normal vector of the box, both due to the unsteady motion of the
surface. Subtracting the steady part of the boundary condition (u0j

·n0j
= −U∞ ·n0j

), recalling
that unsteady terms are perturbation terms, and noting that u0j

is generally negligible compared
to U∞ (except along the direction of n0j

), the linearized boundary condition is simplified to:

u1j
· n0j

= iωhj · n0j
−U∞ · (r× n0j

) (28)

If it is assumed that this twist angle coming from torsion and camber (θeff ) is small, the normal
vector of the box can be written as n0j

= ñ0j
+ θeff × ñ0j

(see Figure 2). The linearized
unsteady boundary condition remains formally unchanged but with the use of ñ0j

instead of
n0j

. However, the steady boundary condition changes to:

u0j
· ñ0j

= −U∞ · ñ0j
−U∞ · (θeff × ñ0j

) (29)

In order to better understand the differences between the classical DLM and the EDLM, for

Figure 2: Real and DLM mean lifting surface planforms.

what concerns the unsteady linearized boundary condition, one can express Equation 28 on a
reference system Σ1, which accounts for the dihedral of the wing segment by rotating the global
reference system of an angle δ:

u1z = iωhz − θyU∞xglobal
cosΛ︸ ︷︷ ︸

classic DLM

+ θxU∞yglobal
cosδ︸ ︷︷ ︸

roll/steady sideslip

+ θxU∞zglobal
sinδ︸ ︷︷ ︸

roll/AoA/dihedral

(30)

being:
hz = zCP

θy = −∂z
∂x

∣∣∣∣
CP

θx =
∂z

∂y

∣∣∣∣
CPi

(31)

θx,y are the roll and pitch rotations (expressed in Σ1) at the control point of the box due to the
unsteady deformation.
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The expression relating the aerodynamic force and the increment of pressure on each box also
needs modifications if a steady angle of attack and twist are to be considered. In order to
understand how these effects change the aerodynamic forces, one can resort to the unsteady
Kutta-Jukowsky theorem, which relates the aerodynamic force and the circulation of the vortex
line placed along the quarter chord of each aerodynamic box [10, 29, 30]:

Lj = ρVj × Γj = ρ(U∞ + u0j
+ u1j

eiωt − iωhje
iωt)× (Γ0j

+ rj × Γ0j
eiωt + Γ1j

eiωt) (32)

where Γ0 is the steady-state circulation and Γ1 is the unsteady circulation. The strength of the
quarter-chord bound vortex relative to the unsteady perturbation can be derived from the box
unsteady pressure differential, which is obtained from the classical DLM with the corrected
boundary condition:

Γ1 = rL1L4cj
∆p1

ρU⊥ vortex line

(33)

The steady-state circulation Γ0 can be solved using a Vortex Lattice Method. The strength of
the chordwise-bound vortices is given by the sum of the strengths of the upstream quarter-chord
bound vortices. For the loads due to the unsteady circulation, the chordwise-bound vortices
are neglected since the DLM only uses a doublet line at the quarter-chord. Note that these
vortex lines only create a force when there is a sideslip velocity (typically much smaller than
the velocity magnitude) and the contribution to the force of two chordwise-bound vortices of
adjacent boxes nearly cancels out.

Figure 3: VLM horseshoe vortex (left) and DLM circulation line (right) for the calculation of forces using Kutta-
Jukowsky.

For the computation of the force due to the bound vortex, the velocity at the midpoint of this
vortex line is used. As for the force due to the chordwise vortices, the velocity at the midpoint
of the bound vortex is also used, except that the normal component to the box is removed. This
approximation is based on the fact that, for an isolated flat wing, the wing elements do not
induce velocities in the plane of the wing, and therefore, the gradients of the in-plane velocities
are expected to be small.

Attention is again drawn to Equation 32. Separating between the steady and the unsteady per-
turbation equations (Lj = L0j

+ L1j
):

L0j
= ρ(U∞ + u0j

)× Γ0j
(34)

L1j
= eiωtρ((U∞ + u0j

)× Γ1j
+ (U∞ + u0j

)× rj × (Γ0j
) + (u1j

− iωhj)× Γ0j
) (35)

11
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In Equation 35, the reader may notice that the first term includes the normal force calculated by
the DLM, due to the unsteady circulation. The term u0 can be neglected, as it is small compared
to U∞ [27, 28]. This approximation does not hold at the control point of the panel, along the
panel’s normal direction, where both velocities cancel out. However, at the load point of the
panel this is still a good approximation. In this work, the term u1 will also be neglected in a
first approximation.

The second term in Equation 35 is due to the change in direction of the steady force (steady
circulation vector). This term has to be neglected if quadratic mode shapes are not considered,
since it may introduce a spurious stiffness [27].

The third term represents the unsteady forces due to motion of the bound vortex, which intro-
duces a velocity that interacts with the steady circulation vector.

The effect of twist and camber can be considered in the forces equation by modifying the inflow
velocity on each panel. At this point, it is of interest to define a local reference system to the
panel (Σ2), that accounts for the sweep and dihedral of the wing, see Figure 4. The inflow

Figure 4: Local reference system of the aerodynamic box.

velocity, before correcting for twist and camber, in the reference system Σ2 reads:

U∞

∣∣∣∣
2

∗

=

 U∞xglobal
cosΛ− U∞yglobal

sinΛ
U∞xglobal

sinΛcos∆+ U∞yglobal
cosΛcos∆+ U∞zglobal

sinδ
−U∞xglobal

sinΛsinδ − U∞yglobal
cosΛsinδ + U∞zglobal

cosδ

 =

U∗
∞x2

U∗
∞y2

U∗
∞z2

 (36)

and after correcting becomes:

U∞

∣∣∣∣
2

=

U∗
∞x2

− θeffU
∗
∞z2

U∗
∞y2

U∗
∞z2

+ θeffU
∗
∞x2

 =

U∞x2

U∞y2

U∞z2

 (37)

The unsteady lift equation 35 can be further expanded to better understand the new terms being
introduced in the model. Projecting everything in Σ2:

L1j
= eiωtρ(L1j

1 + L1j

2 + L1j

3)

L1j

1 = U∞x2Γ1k2︸ ︷︷ ︸
classical DLM

− U∞z2Γ1i2︸ ︷︷ ︸
new in-plane forces

L1j

2 = U∞y2Γ0θxi2 − (U∞x2θx + U∞z2θz)j2 + U∞y2θzk2︸ ︷︷ ︸
new in-plane and out-of-plane unsteady forces due to the rotation of the steady-force

L1j

3 = −(iω)Γ0(−hzi2 + hxk2)︸ ︷︷ ︸
in-plane and out-of-plane forces due to the deformation velocity of the surface

(38)
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where θx,y,z and hx,z are the three rotations (expressed in Σ2) and the longitudinal and plunging
motion at the load point of the box due to the unsteady deformation. Linear mode shapes are
used and hence, the term L1j

2 will be neglected. This is a good approximation since for the
aircraft of interest there is no lifting surface located at the tip of another one, as in the case of
T-tails, where the unsteady deformation experienced at the tip of the vertical tail could lead to
large rotation of the steady circulation of the horizontal stabilizer [27]. Finally, the generalized
forces are simply the projection of these forces acting on every panel onto each mode. If the
mode that describes a harmonic motion for all the load points of the aerodynamic grid is denoted
by ϕLP , the generalized force can be expressed as:

Qi,j =
naero∑
k=1

(FLPk
x

∣∣∣∣
ϕj

ϕLPk
ix

+ FLPk
y

∣∣∣∣
ϕj

ϕLPk
iy

+ FLPk
z

∣∣∣∣
ϕj

ϕLPk
iz

)η (39)

where Qi,j denotes the work done by the force resulting from the j − th mode along the path
defined by the i − th mode, and ϕLPk

ix
, ϕLPk

iy
and ϕLPk

iz
are the three translational displacements

due to the i− th mode at the load point of the j − th box.

The displacements described by the modes at the load points of the aerodynamic grid are re-
quired. Furthermore, the unsteady non-penetration boundary condition (Equation 28) needs
the rotations induced by the modes at the control point of the aerodynamic grid. An enhanced
Infinite Plate Splines (IPS) is used as the interpolation technique to relate the structural and
aerodynamic grids [10].

2.5 Finite-State Aerodynamic Model

For a harmonic oscillation of the structure, the DLM provides the generalized aerodynamic
forces (GAF) acting on a thin lifting surface at a certain reduced frequency k = ωĉ

U∞0
:

Q̃ = q∞0Ã(ik)η̃ (40)

where q∞0 is the dynamic pressure, Ã(ik) is the GAF matrix per unit of dynamic pressure
and η̃ is the modal coordinate vector, encompassing both the rigid (η̃R) and elastic (η̃E) modal
coordinates used in the DLM calculations. The wide tilde over Q has been used to denote that
these generalized forces are the ones directly obtained from the DLM, given in terms of the
DLM modal coordinates.

The operator Ã(ik) will be approximated by rational expressions, involving a finite number of
poles, following Roger’s RFA (Rational Function Approximation) method [31]:

Ã(ik) = Ã0 + ikÃ1 + (ik)2Ã2︸ ︷︷ ︸
Quasi-steady

+

Nlag∑
j=1

ik

ik + βj
Ã2+j︸ ︷︷ ︸

High Order Terms

(41)

where βj are lag coefficients. The quasi-steady part adequately models the aerodynamics in
the region of low reduced-frequencies, typical of flight-dynamic related phenomena, whereas
the Higher Order Terms (lag terms) are necessary to account for higher-frequencies. The DLM
computes Ã for a certain finite set of reduced frequencies (and Mach numbers). Then, a least
squares method is used to obtain a continuous function as that given in Equation 41.

A coordinate transformation needs to be performed in order to express the generalized forces in
Equation 40 as a function of the Lagrangian coordinates used in the derivation of the equations
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of motion [10, 32]. This transformation is dependent on the reference flight condition (see
Figures 5 and 6), which in this case is steady-level flight with no sideslip or bank angles.

Figure 5: Mean axes (stability axes) frame orientation
with respect to the asymptotic speed direction. Figure 6: DLM axes and Mean Axes orientation.

η̃R =


η̃Rx

η̃Ry

η̃Rz

η̃Rθx

η̃Rθy

η̃Rθz

 =


cos(π − α0) 0 sin(π − α0) 0 0 0

0 1 0 0 0 0
−sin(π − α0) 0 cos(π − α0) 0 0 0

0 0 0 cos(π − α0) 0 sin(π − α0)
0 0 0 0 1 0
0 0 0 −sin(π − α0) 0 cos(π − α0)


︸ ︷︷ ︸

L1


xE
yE
zE
ϕ
θ
ψ


(42)

˙̃ηR =



˙̃ηRx

˙̃ηRy

˙̃ηRz

˙̃ηRθx

˙̃ηRθy

˙̃ηRθz


=


0 0 0 0 0 0
0 0 0 0 0 V∞0

0 0 0 0 V∞0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


︸ ︷︷ ︸

L2


xE
yE
zE
ϕ
θ
ψ

+ L1


u
v
w
p
q
r

 (43)

¨̃ηR =



¨̃ηRx

¨̃ηRy

¨̃ηRz

¨̃ηRθx

¨̃ηRθy

¨̃ηRθz


= L2



ẋE
ẏE
˙zE
ϕ̇

θ̇

ψ̇

+ L1


u̇
v̇
ẇ
ṗ
q̇
ṙ

 (44)

The GAF directly provided by the DLM have to be transformed to be consistent with the La-
grangian coordinates:

Q =
∂W

∂q
=
∂η̃T

∂q

∂W

∂η̃
= RT

GAF Q̃ = q∞0R
T
GAF Ã(ik)η̃ = q∞0A(ik)η̃ (45)

where

RGAF =

[
L16×6 06×nE

0nE×6 InE6×6

]
(46)
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Invoking the analytical continuation theorem [33], the inverse of the Laplace Transform can
then be applied to Equation 45. For the quasi-steady aerodynamics case:

Q = q∞0(A0η̃ +
ĉ

V∞0

A1
˙̃η + (

ĉ

V∞0

)2A2
¨̃η) (47)

2.6 Blade Element Theory for Propeller Aerodynamics
Propeller aerodynamic forces and moments within the plane of the disk can lead to the onset of
whirl flutter [34]. These forces can be efficiently computed using Blade Element Theory (BET).
The model derived in [35] and [36] for the propeller stability derivatives is used. Quasi-steady
lag effects are considered by the inclusion of the Theodorsen function. For completeness, this
framework is extended to account for the thrust force. The propellers are assumed to work
at constant speed, although, propellers driven by electric motors can in principle benefit from
variations of the rotational speed. An expression of this form defines the aerodynamic forces
and moments of a propeller at its hub:

FA|H =
[
Px Py Pz Mx My Mz

]
P
= q∞S([KA]6x6ϕξ + [DA]6x6ϕξ̇) (48)

where ϕ is a generic modal shape that defines the translations and rotations at the propeller’s
hub and ξ its associated modal coordinate. Projecting the forces and moments onto the modal
basis and partitioning the generalized forces between rigid and elastic contributions leads to the
following expression:

QAP
(6+nE)×1 = (Φ

∣∣∣∣H)TFA|H = q∞0S(

[
c6x60RR

c6xnE
0RE

cnEx6
0ER

cnExnE
0EE

] [
xR0

ηE

]
+

[
c6x61RR

c6xnE
1RE

cnEx6
1ER

cnExnE
1EE

] [
xR1

η̇E

]
)

(49)
where xR0 =

[
xE yE zE ϕ θ ψ

]T , and xR1 =
[
u v w p q r

]T . xE , yE and zE are
the perturbations in the position of the center of mass of the aircraft in the inertial reference
frame. ϕ, θ, ψ are the perturbation in the angles that define the orientation of the body frame
relative to the inertial one. u, v, w and p, q, r are the perturbation linear and angular velocities
of the origin of the body frame in the body frame.

2.7 The Stability Equation: State-Space Formulation
The full state-space system when considering quasi-steady lifting surface aerodynamics reads:

MRR − q∞0(
ĉ

V∞0
)2
[
A2RR

L1 A2RR
L2

06x6 06x6

]
−q∞0(

ĉ
V∞0

)2
[
A2RE

06xnE

]
012xnE

−q∞0(
ĉ

V∞0
)2A2ER

[
L1 L2

]
MEE − q∞0(

ĉ
V∞0

)2A2EE
0nExnE

0nEx6 0nExnE
InExnE



ẋR

η̈E
η̇E

 =

=




KRR + q∞0

[ ĉ
V∞0

A1RR
L1

ĉ
V∞0

A1RR
L2 + A0RR

L1

06x6 06x6

]
+

+q∞0S

[
c1RR

06x6
06x6 06x6

]




[
q∞0

ĉ
V∞0

A1RE

06xnE

]
+

+q∞0S

[
c1RE

06xnE

]
−

∑nprop

i=1

 [0]3×nE

([Gi][ϕAi
])3×nE

[0]6×nE






[
q∞0A0RE

06xnE

]
+

+q∞0S

[
c0RE

06xnE

]


 q∞0

[
ĉ

V∞0
A1ER

L1
ĉ

V∞0
A1ER

L2 + A0ER
L1

]
+

+q∞0S
[
c1ER

0nEx6

]
−

∑nprop

i=1

[
0nEx3 [ϕAi

]T [Gi] 0nEx6

]


 −
∑nprop

i=1 [ϕAi
]T [Gi][ϕAi

]− CEE+

+q∞0

ĉ
V∞0

A1EE
+ q∞0Sc1EE

  −KEE + q∞0A0EE
+

+q∞0Sc0EE



0nEx12 InExnE
0nExnE



xR

η̇E
ηE



(50)
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where xR =
[
u v w p q r xE yE zE ϕ θ ψ

]T
To include the unsteady aerodynamics in the state-space system, lag states are defined:

ik

ik +
βjV∞0

ĉ

[
η̃R
ηE

]
= xlagj(6+nE)×1

−→ ẋlagj
=

[[
L1 L2

]
06×nE

0nE×12 InE×nE

] [
xR

η̇E

]
−βjV∞0

ĉ
xlagj

(51)

The new state vector is:

x =


ẋR

η̇E
ηE
xlagj

 (52)

and the state-space system (for one lag state) is now:

[
Ano lag 02(6+nE)×(6+nE)

0(6+nE)×2(6+nE) I6+nE

]
ẋR

η̈E
η̇E
ẋlag1

 =

=



Bno lag


[
q∞0A2+1R

06×(6+nE)

]
[
q∞0A2+1E

0nE×(6+nE)

]


 [
L1 L2

]
06×nE

06×nE

0nE×12 InE×nE
0nE

 −β1V∞0

ĉ
I6+nE




xR

η̇E
ηE
xlag1

 (53)

This system can be recasted into a classical eigenvalue-eigenvector analysis:

(sI − A−1B)ξ = 0 (54)

where the vector of state-space amplitudes ξ contains the amplitudes of rigid body states, aeroe-
lastic states and artificial aerodynamic states. Modes tracking is required to identify the flight
dynamic-aeroelastic eigenvalues and eigenvectors. The tracking mechanism is based on the
iterative correlation of the eigenvectors for successive speeds.

3 APPLICATION TO A DEP AIRCRAFT WITH A HIGH ASPECT RATIO WINGS

In this section, a synthetic testcase is proposed to demonstrate the capabilities of the presented
framework.

3.1 Baseline aircraft

The test model consists of a modified version of the NASA X-57, see Figure 7. The aerodynamic
and structural models are based on a high aspect ratio wing with sweep angle, a rigid horizontal
tailplane and a rigid vertical tailplane. The wing, HTP and VTP are rigidly connected to the
center of mass of the aircraft. The structural FE model is a classic stick model, i.e., the structure
is described by beams and rigid connections, as shown in Figure 8. The wing’s internal structure
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Figure 7: NASA X57.

is a single-cell aluminium wingbox. An added distributed mass is considered to account for
non-structural mass.

Figure 8: Structural grid.
Figure 9: Propeller’s modelling in struc-

tural grid.

The test case presents 2 large tip propellers and 4 smaller propellers distributed along the wing.
The propellers are counter-rotating, with the propellers on the y− positive side rotating coun-
terclockwise and those on the other side clockwise. The main properties of the test aircraft are

Figure 10: Aerodynamic grid for trim procedure.

collected in Tables 1, 2, 3.
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Figure 11: DLM aerodynamic grid.

Table 1: Wing, HTP and VTP geometry

Wing HTP VTP
span [m] 9.639 2.518 1.254

root chord [m] 0.756 0.783 1.773
tip chord [m] 0.334 0.783 0.699

Leading edge sweep [º] 9.879 0 48.469
Surface [m2] 5.255 1.972 1.550

AR [-] 17.681 3.212 -

Table 2: Aircraft mass properties

Parameter Value
aircraft mass [kg] 1174.82

wing mass (not including propellers) [kg] 144.70
total propellers mass [kg] 124.66
rest of aircraft mass [kg] 925.46

Xcg [m] 0.6821
Ycg [m] 0
Zcg [m] -0.5382

Ixx [kg·m2] 4386.923
Iyy [kg·m2] 6399.972
Izz [kg·m2] -115.952
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Table 3: Propellers properties.

Cruise propeller High-lift propeller
Diameter [m] 1.024 0.387
root chord [m] 0.100 0.050

Number of blades 3 5
Airfoil MH117 MH114

Power [kW] 43 14.4
Rotational speed [rad/s] 2250 4548

Thrust [N] 578.98 220 (0 in cruise)
Inclination angle with respect to wing [º] 0 0

rotating mass [kg] 8.12 2.00
non-rotating mass [kg] 36.77 5.44

Pitch stiffness [Nm] 12398.42 -
Yaw stiffness [Nm] 14751.24 -

3.2 Test Cases

The free-free stability analysis of the baseline aircraft is performed according to the cases
listed in Table 4. The column Propeller indicates if gyroscopic and aerodynamic effects of

Table 4: Test cases.

Case Propellers Rigid-elastic coupling Reference condition DLM Reference aerodynamic shape
Case 1 No No Undeformed Basic Undeformed
Case 2 Yes No Undeformed Basic Undeformed
Case 3 Yes Yes Undeformed Basic Undeformed
Case 4 Yes No Deformed Basic Undeformed
Case 5 Yes Yes Deformed Basic Undeformed
Case 6 Yes Yes Deformed Enhanced Undeformed
Case 7 Yes Yes Deformed Enhanced Deformed

the propellers are included. The column Rigid-elastic coupling refers to including the flight dy-
namics/aeroelastic modes coupling. The column Reference condition specifies if the structural
properties are evaluated on the undeformed configuration, or on the deflected trimmed one. The
column DLM refers to the employment of the classic or enhanced versions of the DLM. And,
the last column, Reference aerodynamic shape indicates whether the undeformed shape or the
deflected one is used for the evaluation of the aerodynamic forces.

Table 5: Cruise conditions

V∞ [m/s] h [m] ρ [kg/m3]

77.17 2438.4 0.9629

3.3 Results

In this section, the results of the Flight Dynamic-Aeroelastic Stability analyses performed for
all cases listed in Table 4 are presented, and a brief discussion is provided.

3.3.1 Normal modes

Tables 6 and 7 summarize the results of the modal analysis on the aircraft when considering its
undeflected (jig-shape) and deflected (in-flight) shapes. The propellers are not rotating, other-
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wise, the modal analyses will results in out-of-phase mode shapes.

Table 6: Natural modes of the unloaded aircraft (in its
jig-shape configuration)

Mode Frequency [Hz]
1S. First Bending 1.2973
1A. First Bending 2.1451
2S. First Torsion 5.238
2A. First Torsion 5.2453

3S. In-plane Bending 5.7043
4S. Second Bending 6.618
3A. Second Bending 6.792
4A. In-plane Bending 7.1448
5S. Tip propeller yaw 8.9689
5A. Tip propeller yaw 9.0702

Table 7: Natural modes of the aircraft in its in-flight de-
flected shape

Mode Frequency [Hz]
1S. First Bending 1.2918
1A. First Bending 2.1814
2S. First Torsion 4.9998
2A. First Torsion 5.1424

3S. In-plane Bending 5.7137
3A. Second Bending 6.5152
4S. Second Bending 6.6025

4A. In-plane Bending 6.9997
5S. Tip propeller yaw 8.95
5A. Tip propeller yaw 9.0439

The letters (S) and (A) refer to symmetric and anti-symmetric modes; moreover, the shapes
are described highlighting the most representative features: in fact, modes 2S/A to 4S/A are
actually a combination of out-of-plane bending, in-plane bending, torsion and propeller pitch.

A comparison between the two cases (undeflected and deflected structure) shows a general
slight drop of the natural frequencies (with exception of mode 1A). A visual representation
of the modes is provided in Section 5.1. It is interesting to observe that in-plane and out-
of plane motions are uncoupled in the planar case (jig-shape), but coupled in the deformed
wing. In addition, the propeller pitch mode, which has a frequency of approximately 8 Hz
when the mounting wing section is infinitely rigid, has a significant participation in the second
bending and first torsion of both jig-shape and flight-shape cases. However, while it has a
relevant participation in the in-plane bending of the jig-shape case, its participation in the in-
plane bending of the in-flight shape is negligible.

3.4 Stability analyses

To support the discussion, several pictures and tables gathering the relevant data will be used.
Figures 12 and 13 show the root loci of the first modes for Cases 1 and 2, respectively; together
with Table 8 they will support the discussion on effects of wing-propeller interaction.

Figures 14 is employed to highlight effects of flight dynamic-aeroelastic coupling in Cases 2 to
7.

Tables 9 and 10 report the data of typical symmetric flutter occurrences. In particular, inspecting
the root-loci for all Cases, it is inferred that flutter cases can be gathered in two groups, accord-
ing to the instability frequency. These two groups are referred to with Type 1 (higher frequency)
and Type 2 (lower frequency). Both Tables provide, for each flutter onset, the properties of the
unstable aeroelastic mode in terms of participation of the modal basis. Hence, the real ampli-
tude in the shape should be weighted according to the amplitude of modal base (which is mass
normalized).
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Figure 12: Case 1. Root Locus

Figure 13: Case 2. Root Locus

Table 8: Modes after introduction of gyroscopic effects at V∞ = 0 m/s

Modes 2S with Gyr. (| |,∠) Mode 2A with Gyr. (| |,∠) Mode 3S with Gyr. (| |,∠)

2S 0.94∠0◦ 2A 0.95∠0◦ 2S 0.56∠98◦

3S 0.1∠86◦ 3A 0.04∠209◦ 3S 0.75∠0◦

4S 0.05∠185◦ 4A 0.05∠92◦ 4S 0.06∠89◦

5S 0.33∠91.04◦ 5A 0.32∠90◦ 5S 0.34∠177◦

Description S Backward whirl Description A Backward whirl Description S Backward whirl
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3.4.1 Gyroscopic effects

The frequencies on the pure imaginary axis, i.e., for no incoming flow, contain for Case 2 the
effects of the inertial coupling with the rotating propellers. Table 8 shows that the modes 2S,
2A, and 3S for Case 2, i.e., including the gyroscopic effects, are pretty different than the ones of
Case 1. For example, the new 2S mode, is now a superposition of the original modes 2S, 3S, 4S
and 5S, each with a different phase; this mode now features a strong backward whirl component.
Overall, the inclusion of gyroscopic effects couple in-plane bending, propeller pitch, yaw, and
torsion, resulting in effective whirl modes of the propeller. As a consequence, the frequencies
of modes 2S and 3S largely decrease.

3.4.2 Wing-propellers aeroelastic coupling

Inspection of the root loci for Case 1 and 2 (Figures 12 and 13) depicts a complex picture.
In Case 1, three instability occurrences are detected for the first 4 modes. For the symmetric
case, mode 2S and 3S become unstable, even though mode 2S shows a hump-mode flutter.
The frequencies of the flutter are pretty close, around 5.7 Hz, suggesting possible complex
interactions. For the anti-symmetric case, mode 2A is the one becoming unstable. Flutter
frequency is also similar to the one of the symmetric case.

In Case 2, i.e., introducing the wing-propellers coupling, the flutter picture is pretty different.
Both modes 2S and 3S, featuring backward-whirls, become unstable, but at pretty different
flutter frequencies ( 4.2 and 5.9 Hz, approximately).

For the 2S instability, the flutter speed is reduced of 10%. The flutter mechanism changes
from being a purely torsion-bending coupling to being a combination of torsion-bending and an
effective backward whirl of the tip propeller, including the propeller yaw (see Table 10).

For the instability of mode 3S, a similar flutter mechanism is observed. However, the flutter
speed is largely increased and in-plane motion becomes more relevant, (see Table 9).

Mode 2A, featuring a backward-whirl, also flutters slightly over 4 Hz.

3.4.3 Flight dynamic and aeroelastic coupling

Attention is now drawn to the differences among Cases 2 to 7 concerning the flight dynamic
modes, i.e., the eigenvectors that resemble the classic flight-dynamic modes of a rigid aircraft.
Figure 14 shows the damping and frequency of the short period and the dutch roll modes of the
flexible aircraft.
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Figure 14: Damping and frequency response of flight dynamic modes of the flexible aircraft.

The frequency evolution of these modes is observed to be nearly independent of the fidelity of
the approach. For example, Case 2, which discards the effects of flexibility on flight dynamic
response, already predicts the frequency reasonably well. This is not the case for the damping of
the short-period mode. Starting from Case 3, in which the flight dynamic/aeroelastic coupling
is taken into account, a decrease in damping is observed. This is possibly a consequence of
the typical coupling between the short-period mode and the first symmetric bending mode.
Additionally, the contributions introduced by the EDLM also reduce the damping of the short-
period mode (Case 5 vs. Cases 6 7).

With regards to the damping of the Dutch roll, the reader may notice a decrease at low speeds
for Case 7, leading to instability. For the other cases, damping is only marginally changing.
A possible explanation is that a deflected wing is equivalent to a wing with more dihedral,
resulting in larger roll damping. This, in turn, increases the difference in magnitude between
roll and yaw damping, thereby reducing the overall stability of the Dutch roll.

3.4.4 Flutter Type 1

From this point on, only the symmetric modes are considered for the sake of clarity and con-
ciseness. As mentioned above, from Case 2 to Case 7, all flutter occurrences have been noted to
happen around two frequency ranges. Type 1 includes all flutter occurrences with a frequency
of about 5.5-5.9 Hz. The mode that loses stability is Mode 3S, which, at zero wind speed, pri-
marily features in-plane bending, torsion, and tip-propeller yaw, resembling a backward-whirl
mode. Figure 15 shows mode 3S damping and frequency vs speed.

From inspection, it can be inferred that updating the structural part of the aeroelastic system with
the real stiffness and inertial distribution (geometric nonlinearities), i.e., from Case 4 onward,
has a significant impact on the flutter onset. The frequency of the aeroelastic mode increases
by approximately 0.2 Hz or more, while damping is reduced, leading to an earlier onset of
flutter (flutter speed drops by about 100 m/s). From Case 4, the flutter mechanism also appears
to change, with the unstable aeroelastic mode showing an increased participation of Mode 2S
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(first torsion) and an almost negligible participation of Mode 4S (second bending). Moreover,
looking at the phases of the 2S, 3S and 5S modes suggests that flutter mode is governed by an
effective backward whirl mode of the propeller’s hub (note the differences in the phases of 2S
and 5S between Cases 2 and 4). It should be noted, however, that the natural modes evaluated
on the deflected shape do not closely resemble those evaluated on the jig shape, see Section 5.3.
The reader is referred to Section 5.5 for the modes of deformed shape including gyroscopic
effects.

Further analyses are ongoing to gain a deeper understanding of the results.

Figure 15: Damping and frequency of aeroelastic mode 3S.

Table 9: Flutter type 1. Symmetric case. Flutter mechanism, frequency, and speed.

Flutter Type 1
Natural Mode Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7

w 0 0 1.38∠15◦ 0 0.05∠265◦ 0.07∠280◦ 0.05∠282◦

q 0 0 0.18∠158◦ 0 0.04∠271◦ 0.04∠265◦ 0.03∠259◦

1S. 1st Bending (S) 0.10∠181◦ 0.25∠255◦ 0.26∠255◦ 0 0 0 0
2S. 1st Torsion (S) 1.00∠0◦ 0.53∠124◦ 0.51∠127◦ 0.86∠35◦ 0.88∠35◦ 0.86∠35◦ 0.86∠34◦

3S. In-Plane Bending (S) 0.30∠8◦ 1.00∠0◦ 1.00∠0◦ 1.00∠0◦ 1.00∠0◦ 1.00∠0◦ 1.00∠0◦

4S. 2nd Bending (S) 0.43∠168◦ 0.93∠234◦ 1.00∠234◦ 0.06∠206◦ 0.06∠206◦ 0.03∠206◦ 0.03∠200◦

5S. Propeller yaw (S) 0 0.60∠169◦ 0.62∠169◦ 0.37∠221◦ 0.38∠221◦ 0.36∠221◦ 0.35∠220◦

Flutter Mechanism 2nd Bending - 1st torsion - In-plane
bending (S)

In-plane bending - 1st Torsion -
Prop.Yaw (S) (Equivalent to a back-
ward whirl of tip propeller)

Flutter Frequency [Hz] 5.75 5.89 5.89 5.65 5.66 5.65 5.65
Flutter Speed [m/s] 92.75 152.25 158 51.74 50.75 59.25 62.25

3.4.5 Flutter Type 2

Type 2 includes all flutter occurrences with a frequency of about 4.2-4.3 Hz. The mode that
loses stability is the 2S, which, at zero wind speed, primarily features torsion and tip-propeller
yaw, resembling a back-whirl mode. Figure 16 shows mode 2S damping and frequency vs
speed.
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Focusing on the trend of damping, three main jumps are noticed. The first one, from Case 3 to
4, is a stabilizing effect induced by updating the structural part of the aeroelastic system with
the real stiffness and inertial distribution (geometric nonlinearities). The second jump, again
stabilizing is observed when including the flight dynamic-aeroelastic coupling (from Case 4 to
5, but also from Case 2 to 3). The third jump, promoting instability, is the introduction of the
aerodynamic effects typically neglected in the classic DLM (from Case 5 to Cases 6 and 7). The
flutter mechanism changes between Case 2 & 3 and Cases 6 & 7. Now, mode 1S (first bending)
and 4S (second bending) participate in the unstable aeroelastic mode.

Figure 16: Damping and frequency of aeroelastic mode 2S.

Table 10: Flutter type 2, symmetric case. Flutter mechanism, frequency, and speed.

Flutter Type 2
Natural Mode Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7

w 0 0 0.69∠296◦ - - 2.64∠275◦ 2.12∠272◦

q 0 0 0.08∠104◦ - - 0.20∠135◦ 0.21∠133◦

1S. 1st Bending (S) 0.09∠181◦ 0.17∠185◦ 0.19∠186◦ - - 0.92∠173◦ 0.79∠172◦

2S. 1st Torsion (S) 1.00∠0◦ 1.00∠0◦ 1.00∠0◦ - - 1.00∠0◦ 1.00∠0◦

3S. In-Plane Bending (S) 0.58∠159◦ 0.13∠91◦ 0.13∠92◦ - - 0.33∠94◦ 0.31∠89◦

4S. 2nd Bending (S) 0.36∠169◦ 0.19∠184◦ 0.19∠185◦ - - 0.85∠352◦ 0.71∠351◦

5S. Propeller yaw (S) 0 0.40∠93◦ 0.40∠93◦ - - 0.69∠81◦ 0.65∠82◦

Flutter Mechanism 2nd Bending - 1st Tor-
sion - In-plane Bending
(S)

1st Torsion - Prop. Yaw
(S) (Equivalent to a
backward whirl of tip
propeller)

- - Out-of-plane Bending -
1st Torsion

Flutter Frequency [Hz] 5.67 4.24 4.24 - - 4.28 4.26
Flutter Speed [m/s] 88.75 81.75 86.25 - - 151.25 143.75

4 CONCLUSIONS

In this paper, the formulation of a framework for the aeroelastic stability assessment of highly-
flexible configurations featuring distributed electric propulsion is presented. The approach con-
siders the aircraft free in the air, thus retaining the flight dynamic-aeroelastic coupling. Ad-
ditionally, it takes into account the aeroelastic effects induced by the propeller as well as the
effects of large deflections. To this aim, an ad-hoc enhanced version of the DLM has been de-
veloped and integrated. Moreover, a trim procedure has been established to find the reference
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condition considering structural geometric nonlinearities.

Preliminary results of the framework applied to a synthetic highly flexible aircraft featuring
distributed propellers have shown that:

(i) On very flexible wings, wing-propeller coupling plays a relevant role in characterizing
the aeroelastic behavior.

(ii) Evaluating the structural properties on the real in-flight shape is equally important, strongly
influencing the aeroelastic response. In certain cases, it has a strong stabilizing effect on
some flutter mechanisms and a strong destabilizing effect on others.

(iii) Proper modeling of the aerodynamic forces has been observed to have a non-negligible
effect, reducing aeroelastic damping at large flight speeds.

(iv) The flight dynamic/aeroelastic coupling has also been observed to contribute significantly,
generally increasing flutter speed.

Due to the great complexity of the problem, these results are partial, and more research is
ongoing to gain a clearer picture of the aeroelastic response of such configurations.

5 APPENDIX

5.1 Modes of the undeformed aircraft

5.1.1 Symmetric modes

Figure 17: Mode 1S. First Symmetric Bending
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Figure 18: Mode 2S. First Symmetric Torsion

Figure 19: Mode 3S. First Symmetric In-Plane Bending
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Figure 20: Mode 4S. Second Symmetric Bending

Figure 21: Mode 5S. Symmetric Propeller yaw
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5.2 Antisymmetric modes

Figure 22: Mode 1A. First Antisymmetric Bending

Figure 23: Mode 2A. First Antisymmetric Torsion
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Figure 24: Mode 3A. Second Antisymmetric Bending

Figure 25: Mode 4A. First Antisymmetric In-Plane Bending
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Figure 26: Mode 5A. Antisymmetric Propeller yaw

5.3 Modes of the in-flight aircraft

5.3.1 Symmetric modes

Figure 27: Mode 1S. First Symmetric Bending
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Figure 28: Mode 2S. First Symmetric Torsion

Figure 29: Mode 3S. First Symmetric In-Plane Bending
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Figure 30: Mode 4S. Second Symmetric Bending

Figure 31: Mode 5S. Symmetric Propeller yaw
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5.4 Antisymmetric modes

Figure 32: Mode 1A. First Antisymmetric Bending

Figure 33: Mode 2A. First Antisymmetric Torsion
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Figure 34: Mode 3A. Second Antisymmetric Bending

Figure 35: Mode 4A. First Antisymmetric In-Plane Bending
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Figure 36: Mode 5A. Antisymmetric Propeller yaw

5.5 Gyroscopic modes for the in-flight aircraft

Table 11: Modes of the deformed aircraft after introduction of gyroscopic effects at V∞ = 0 m/s

Natural mode Gyr mode 1 Natural Mode Gyr mode 2 Natural Mode Gyr mode 3

2S 0.88∠0◦ 2A 0.94∠0◦ 2S 0.64∠35◦

3S 0.28∠129◦ 3A 0.06∠272◦ 3S 0.72∠0◦

4S 0.08∠345◦ 4A 0.05∠318◦ 4S 0.08∠213◦

5S 0.38∠78◦ 5A 0.33∠87◦ 5S 0.27∠223◦

Description S Backward whirl Description A Backward whirl Description S Backward whirl

Frequency [Hz] 4.14 Frequency [Hz] 4.19 Frequency [Hz] 5.65
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