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Abstract: Flexible structures are increasingly prevalent in the commercial aviation indus-
try, and the use of highly flexible structures is a prominent trend for the future. When analyzing
those structures, it is crucial to consider geometric nonlinearities caused by large displacements.
This means that the modeling of the structures must incorporate nonlinear structural models,
which can lead to a reasonable increase in computational costs. To tackle this challenge, a
framework has been developed for static and dynamic analyses of highly flexible structures. It
is based on a linear structural model, utilizing the Rayleigh-Ritz method, coupled with multi-
body dynamics. The geometric nonlinearities are modeled through rigid connections between
multiple flexible bodies that form the final structure. Two different approaches have been used
for the multibody dynamics. The former considers all degrees of freedom of each body and
solves only the kinematics of the constraint to maintain the connections between the bodies,
which resulted in an augmented system with Lagrange multipliers that can be used to recon-
struct forces and moments of constraint. The latter utilizes only the independent degrees of
freedom whilst reconstructing the dependent ones through the equations that define the con-
straints between the bodies, directly solving the constraints. The results obtained show that
proposed framework accurately describes the dynamics of highly flexible structures and can
be used to simulate structures with various types of connections, showcasing its versatility for
other applications like simulations of morphing structures such as wings with folding wingtips.

NOMENCLATURE

R = Indicates that the variable is a matrix
R = Indicates that the variable is a vector
Ri = Indicates that the vector R is written in the frame i
RO,j = Indicates that the vector R is the vector with respect to the origin O of the body j

R̃ = Skew-symmetric matrix of vector R, which represents a cross product

1 INTRODUCTION

Flexible structures are becoming increasingly common in the commercial aviation industry, and
the utilization of highly flexible structures is a prominent trend for the future. Additionally, in
other applications such as unmanned aircraft missions at high altitudes with a high level of
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autonomy, it is crucial to employ wings with exceptionally high elongation, as demonstrated in
NASA’s Helios project. When examining these structures, it is important to consider geometric
nonlinearities [1].

In the work of Ref. [1], comparisons were made between geometrically nonlinear and linear
models using X-HALE, aircraft presented in [2], with three wing lengths, 4 meters, 6 meters
and 8 meters. The authors concluded that it is necessary to use geometrically non-linear models
as the wing length increases.

To analyze structures with geometric nonlinearities, Refs. [3–5] have developed nonlinear struc-
tural models. These models alone can accurately describe the deflection of the structure, taking
into account large displacements. In the study conducted by Esteban, a combination of a multi-
body model and a linear finite element model was utilized to depict geometrically nonlinear
effects. Similarly, in the works of [6, 7], the multibody model was coupled with rigid beam
segments using revolution joints and equivalent springs to simulate flexible behavior. Further-
more, [7] also presented an alternative model wherein a modal analysis of a finite element
structure is performed, and the resulting model is incorporated into the multibody simulation.

In this work, unlike the previously cited literature, we employ a flexible multibody modeling
approach coupled with the Rayleigh-Ritz method, evaluating different function bases for ana-
lyzing highly flexible structures.

This paper is structured into three main sections, each focusing on a distinct aspect of the
proposed framework. Section 2 delves into flexible multibody modeling, detailing the connec-
tions between bodies. Section 2.2 presents the structural modeling, outlining the derivation of
stiffness and damping matrices and the relationship between flexible and rigid body degrees
of freedom. These sections lay the foundational elements for understanding the framework.
Finally, Section 3 discusses the verification and results.

2 MODELING

In this section, the modeling framework is presented. Firstly, in Subsection 2.1 the multibody
approach is detailed. Then, 2.2 details the structural model used to represent each flexible body,
including the shape functions and the stiffness matrix.

2.1 Dynamic Model

The dynamics modeling approach selected for this study is based on multibody theory, de-
scribed in [8]. This choice was made based on its ability to precisely simulate the dynamic
behavior of interconnected bodies subjected to various types of constraints.

2.1.1 Reference frames

The motion of a body is represented by the translation and rotation of the body frame in relation
to the inertial frame. The body frame j, illustrated in Fig. 1, is fixed on the body j with its origin
not necessarily coincident with the center of mass. The inertial frame, denoted by i, is fixed to
an initial position.

To describe vectors from the inertial frame to the body frame of the body j, the rotation matrix
Aj/i is used considering the conventional rotation sequence 3-2-1 [8], the same is valid for the
body k.
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Figure 1: Definition of the inertial frame and the body frame, with their representative vectors.

2.1.2 Influence of deformation degrees of freedom

A body, because it is a continuous medium, has infinite degrees of freedom, which in practice
is unfeasible to analyze computationally. So, to make the analysis feasible, shape functions are
used which allow the interpolation of the displacement field with a finite number of degrees of
freedom [8].

The matrix of shape functions N(sp) varies only spatially and when applied to the point P
defined by the vector sp of the undeformed body gives the elastic displacement up, as

up(sp, t) = N(sp)qj(t) (1)

where qj are time-varying amplitudes that represent flexible degrees of freedom for the body j.

Thus, the total displacement of point P is

rp = sp + up. (2)

2.1.3 Dynamics of Multibody Systems

By calculating the kinetic energy of a flexible body with both flexible and rigid-body degrees of
freedom one finds the equations of motion of a flexible body given by the matrix equation [8,9], mjI −mj r̃cm,j

∫
V
ρN(sp)dV

mj r̃cm,j J t,j

∫
V
ρr̃pN(sp)dV

(
∫
V
ρN(sp)dV )T (

∫
V
ρr̃pN(sp)dV )T

∫
V
ρN(sp)

TN(sp)dV

V̇O,j

ω̇j

q̈j

 =

QR,j

QΘ,j

Qq,j

 , (3)

or, in a simplified way,
M jẍj = Qj , (4)

where mj is the mass of the flexible body j, rcm,j the position vector of the center of mass, J t,j

the total inertia matrix with flexible effects, I the identity matrix, VO,j the inertial velocity, ωj

the angular velocity and QR,j , QΘ,j and Qq,j the generalized force vectors for the translational,
rotational and flexible degrees of freedom, respectively.
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To describe the dynamics of a multibody system, the two flexible bodies j and k illustrated in
Fig. 1 are considered. The body j is clamped at the RO,j position and the body k is fixed at the
end Lj of the body j. Then one can obtain the expression for the position of the body k in terms
of the position vectors of the body j,

Ri
O,k = Ri

O,j + Ai/js
j
L,j + Ai/ju

j
L,j, (5)

where the superscript j indicates that the vector is written in the body frame j.

Performing the second derivative of Eq. 5 and describing the vectors referring to each body in
its own frame of reference we find the kinematics equation for the connection between bodies
according to the expression

Ai/kV̇
k
O,k + Ai/kω̃kV

k
O,k = Ai/jV̇

j
O,j + Ai/jω̃jV

j
O,j + Ai/j

˙̃ωjs
j
L,j+

Ai/j
˙̃ωju

j
L,j + Ai/jω̃jω̃ju

j
L,j + 2Ai/jω̃ju̇

j
L,j + Ai/jü

j
L,j

. (6)

Considering an array of shape functions NΘ that gives the flexible angular displacements Θu,
such as Θu = NΘq, we can describe the angular position of the body k in terms of the angular
position vectors of the body j

Θk = Θj +NΘ(Lj)qj, (7)

which results in the kinematics equation

G
−1

k ω̇k + Ġ
−1

k ωk = G
−1

j ω̇j +NΘ(Lj)q̈j + Ġ
−1

j ωj , (8)

where G is the rotation kinematics matrix that gives the relationship between the angular veloc-
ities ωj and the temporal variations of the Euler angles Θ̇j of body j, such as ωj = GjΘ̇j .

And for the the body j that is clamped at the position RO,j = 0 with Θj = 0, we have the
equations

V̇j
O,j + ω̃jV

j
O,j = 0 (9)

and
G

−1
ω̇j + Ġ

−1

ωj = 0. (10)

Grouping the Eqs. 6, 8, 9 and 10 in a system and collecting terms that depend on the accelera-
tions ẍj in a matrix Cq and the other terms in a vector Qc,

Cqẍj = Qc, (11)

we obtain the definition of the kinematics of constraints in matrix form that can be inserted in
the multibody dynamics.

And then, as presented in [8], the concatenation of the dynamics of the bodies is carried out and
the union of the systems takes place through a system augmented by Lagrange multipliers λ
that contains the equation of constraint kinematics described in Eq. 11, as[

M t C
T

q

Cq 0

]
·
[
ẍt

λ

]
=

[
Qt

Qc

]
, (12)
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where M t is the total matrix resulting from the concatenation of the body systems j and k, Qt

the resulting vector of forces, xt the resulting vector of states and 0 a null matrix that completes
the system.

The system described by Eq. 12 has state redundancy because the states of the rigid body of
body k are fully defined by the total states of body j. Furthermore, it has extra states λ due
to kinematic constraints. Thus, it is possible to reduce the system to only independent states
ẍi, that is, states without dependence on other states [8]. Therefore, considering the constraints
equations its possible to defined the relationship between the total states ẍt and independent
states ẍi as:

ẍt = Ct/iẍi +Qti. (13)

Then, the independent multibody system can be obtained as:

C
T

t/iM tCt/iẍi = C
T

t/iQt − C
T

t/iM tQti. (14)

2.2 Structural Model

The flexible displacement of the structure is provided through an array of functions of the form
N(sp) and depends on the approximation method adopted. There are several functions that
can be used, providing different shape function matrices. Polynomials or analytically obtained
modal shapes are commonly used.

2.2.1 Shape function matrix

To describe the shape function matrix, we consider the beam illustrated in Fig. 2 with its refer-
ence system with origin on the elastic axis.

xE

zE

yE sPP

Figure 2: Cantilever beam. The blue dotted line describes the location of the beam’s elastic axis and the vector
sP the position of a point P perpendicular to the elastic axis.

Considering small displacement, the flexible displacement uE =
[
ux uy uz

]T of the elastic
axis can be described as:

uE =

Nx,n 0 0
0 0 0
0 Nz,n 0

 ·

qx,nqz,n
qt,n

 , (15)

or
uE = NUq, (16)

where qx,n, qz,n and qt,n are the modal amplitudes of the nth modes of bending in x and z, and
torsion about y, respectively.
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In addition, the angular displacements ΦE =
[
ϕx ϕy ϕz

]T can be obtained as follows:

ΦE =

 0 ∂Nz,n

∂y
0

0 0 Nt,n,i

−∂Nx,n

∂y
0 0

 ·

qx,nqz,n
qt,n

 , (17)

or
ΦE = NΦq. (18)

And then one can obtain the resulting flexible displacement at any point P described by sP =[
xp 0 zp

]T as being [10],

uP =

(
NU − s̃PNΦ

)
q, (19)

then,

N(sp) = NU − s̃PNΦ =

 Nx,n 0 zpNt,n,i

−xp
∂Nx,n

∂y
−zp

∂Nz,n

∂y
0

0 Nz,n −xpNt,n,i

 (20)

2.2.2 Stiffness and damping matrices

As discussed in [8] one can describe the strain forces in terms that depend only on the flexible
coordinates q,

Qd,q = −Kq−Dq̇, (21)

where K is the stiffness matrix and D the damping matrix.

To obtain the stiffness matrix, the reference system coincident with the elastic axis was adopted,
that is, the beam strain energy can be described as a superposition of bending and torsion strain
energy without coupling terms. Therefore, the strain energy of a symmetrical beam is given
by [11]:

Ud =
1

2

∫ L

0

EIxx

(
d2uz

dy2

)2

dy +
1

2

∫ L

0

EIzz

(
d2ux

dy2

)2

dy +
1

2

∫ L

0

GJ

(
dϕy

dy

)2

dy, (22)

where E the modulus of elasticity, Ixx the second moment of area of the surrounding area of
the x axis, Izz the second moment of area around the z axis and GJ the torsional stiffness of
the beam.

Substituting the displacements for their corresponding shape functions in Eq. 22 resulting in

Ud =
1

2
qTKq, (23)

where

K =



∫ L

0
EIzz

(
d2Nx,n

dy2

)T
d2Nx,n

dy2
dy 0 0

0
∫ L

0
EIxx

(
d2Nz,n

dy2

)T
d2Nz,n

dy2
dy 0

0 0
∫ L

0
GJ

(
dNt,n

dy

)2

dy


.

(24)
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The damping matrix D can be obtained in several ways, such as being a proportional relation-
ship with the mass matrix M f , with the stiffness matrix K or one between the two. In this work,
the damping matrix is defined by:

D = 2ξn

√
M fK, (25)

where ξn is the system damping constant.

3 NUMERICAL RESULTS

3.1 Flexible double pendulum

To verify the numerical implementation of the dynamic and structural model, a simulation of a
flexible double pendulum under the effect of gravity in the initial position illustrated in Fig. 3
was performed. To perform the simulation, the software Simscape Multibody©and with the
Flexible Multibody Rayleigh-Ritz model (FMBRR), developed in this work, was used. Sim-
scape Multibody is a multibody system simulation software that uses a graphical interface of
block diagrams and Euler-Bernoulli beam finite elements for flexible beam modeling.

xi,1

zi,1

yi,1

x2

z2

y2

body 1 body 2

Figure 3: Illustration of the problem.

Due to the characteristics of the problem, as shown in Fig. 3, the x-axis components of the Eqs.
10 and 8 are ignored.

For the problem consider two solid beams with cross section At = 0.25 × 0.25 m2, length
L = 5 m, density ρ = 2700 kg/m3 and simulation time of two seconds. The other properties
can be found in Table 1. Both beams were discretized with 5 beam elements, in Simscape
Multibody©, and 5 shape functions in ASF basis were used in the FMBRR. As an algorithm to
solve the system of equations, in both simulations, ode45 was used, an internal function of the
MATLAB©, that uses the variable time step.

Table 1: Properties of each of the beams that make up the double pendulum.

Properties Unit Value

Jr kg ·m2

7.0356 · 103 0.0 0.0
0.0 0.0088 · 103 0.0
0.0 0.0 7.0356 · 103


rcm m

[
0.0 2.5 0.0

]T
m kg 843.75

EIxx Pa ·m4 2.27865 · 107
EIzz Pa ·m4 2.27865 · 107
GJ Pa ·m4 1.44508 · 107
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In Fig. 4 it can be seen that the results obtained by the model of the present work are very
similar to the results obtained by the software Simscape Multibody©, even with different struc-
tural methods. So, it can be said that the dynamic-structural model is coherent and properly
implemented.

Figure 4: Comparison between the results obtained by the model and by the software Simscape Multibody©.

3.2 Very flexible beam clamped with force applied

To verify the FMBRR model for very flexible structures, the problem of a very flexible beam
clamped with a vertical force Fz in a z-axis at the free end, without gravity and damping, was
used. To describe the dynamics of this system, the modeling of two rigidly coupled flexible
bodies presented in Subsection 2.1 was used, generalized to n bodies connected to each other.
The properties of this beam are listed in Table 2, and Fig. 5 provides an illustration of the
problem.
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xj

zj

yj

xk

zk

yk

body j body k
Fz

Figure 5: Clamped beam defined by 2 bodies j and k with a Fz force at the free end.

Then, as the problem has no disturbances in other axes, only the problem in the y-z plane will
be analyzed, resulting in Nx,n = 0 and Nt,n = 0.

Table 2: Beam Properties.

Properties Value
L 1.0m
GJ 8.00 · 101 Nm2

EIxx 5.00 · 101 Nm2

EIzz 1.25 · 103 Nm2

m/L 0.10 kg/m
Ixx 1.30 · 10−4 kgm
Iyy 5.00 · 10−6 kgm
Izz 1.25 · 10−4 kgm

To obtain an analytical modal shapes we consider an Euler–Bernoulli beam clamped, that as
presented in [11], we have the modal shapes of bending in z-axis

Nz,n = cosh

(
y

L
ζn

)
− cos

(
y

L
ζn

)
− sinh (ζn)− sin (ζn)

cosh (ζn) + cos (ζn)

(
sinh

(
y

L
ζn

)
− sin

(
y

L
ζn

))
,

(26)
for nth bending mode, where ζn is provided by the solution of the equation

cosh (ζn) cos (ζn) = −1. (27)

Then, we can define the basis Analytical Shape Functions (ASF) as:

Nz,ASF =
[
Nz,1 · · · Nz,n

]
. (28)

To obtain an polynomial shape functions a normalized orthogonal basis of polynomial functions
that respect the boundary conditions of a clamped beam was considered, resulting in the basis
Polynomial Shape Functions (PSF),

Nz,PSF =

[
y2

L2 −
6

(
5Ly2

6
−y3

)
L3

28

(
15L2 y2

28
− 3Ly3

2
+y4

)
L4 −

120

(
7L3 y2

24
− 7L2 y3

5
+ 21Ly4

10
−y5

)
L5

]
, (29)

for the first four shape functions.

In Fig. 6 we can see the both Nz basis of shape functions. It can be said that they have a similar
behavior with different magnitude and phases.
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Figure 6: Comparison between analytically obtained modal shapes and polynomial shape functions, in dashed line.
The 1st shape function in blue, 2nd in black, 3rd in red and 4th in green.

3.2.1 Static results

The static problem consists of finding the equilibrium condition for the beam considering dif-
ferent values of Fz, ranging from 5 N to 145 N . To analyze the convergence of the results with
respect to the number of shape functions in both basis, was used two cases, one with 2 bod-
ies and other with 4 bodies. As a convergence metric the Normalized Residual Mean Square
Difference (NRMSD) was used,

NRMSD = 100

√
1
N

∑N
i=1(yi − yref,i)2

yref,max − yref,min

, (30)

where yi is the value of the vector at position i, yref,i is the value of the reference vector at
position i, yref,max the maximum value of the reference vector and yref,min the minimum value.

In Fig. 7 we can find the NRMSD value for the axial displacements, NRMSDy, and vertical
displacements, NRMSDz for the different numbers of shape functions, nz, for ASF and PSF. It
can be analyzed that for both simulations, with 2 and 4 bodies, the PSF basis has a convergence
at nz = 4 with the results remaining approximately constant with the increase of nz, a behavior
not observed in the ASF basis, having a convergence at nz = 4 only for the case with 4 bodies.
Then, it can be concluded that the PSF basis is numerically more stable.
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Figure 7: NRMSD for axial and vertical displacement for different number of shape functions and different number
of bodies.

With the results in Fig. 7, was chosen nz = 4 for basis PSF and nz = 8 for basis ASF for
simulation with number of bodies equal 2, 4, 6 and 8. In Fig. 8 the results for axial and vertical
displacements are compared with AeroFlex model developed by [12]. It can be observed that
only the PSF converges to the results of AeroFlex, while the ASF gives the same results for 2
and 4 bodies but when the number of bodies increase the result diverges. This behavior can be
more easily observed in Fig. 9 which has the NRMSD values based on AeroFlex.
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Figure 8: Axial and vertical displacement at the free end of the beam as a function of the force applied Fz .
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With the static results obtained, it can be concluded that the PSF basis is more numerically
stable, providing faster convergence based on the number of functions and also converging to the
reference result with a smaller number of functions in comparison to ASF. Furthermore, it was
noted that the ASF function base has a numerically unstable behavior, changing its convergence
behavior with the change in the number of bodies.

3.2.2 Dynamic results

The dynamic problem consists of 1 s simulation with Fz = 10 sin (20t), without gravity and
damping. Similar to static problem, was chosen nz = 4 for basis PSF and nz = 8 for basis ASF
for simulation with number of bodies equal 2, 4, 6 and 8. As an algorithm to solve the system
of equations the ode45 was used, an internal function of the MATLAB©, that uses the variable
time step.

To compare the Augmented Multibody System (AMS), defined in Eq. 12, and Independent
Multibody System (IMS), defined in Eq. 14, a simulation was performed with 4 bodies and
PSF basis. The result is found in Fig. 10 and it can be conclude that the both approach give
approximately the same results, but the IMS has error in position of the constraints more stable
numerically.
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Figure 10: Axial and vertical displacement at the free end and error in position in y and z for 4 bodies simulation.
Comparison with AMS and IMS.

In Fig. 11 the results for axial and vertical displacements are compared with AeroFlex. Analyz-
ing the results, it is observed that the applied force was not enough to generate large geometric
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nonlinearities, that is, the magnitude of the vertical displacement is much greater than the mag-
nitude of the axial displacement. Then, it is observed that the result for the vertical displacement
does not change with the increase in the number of bodies, while for the axial displacement a
convergence is observed with the increase in the number of bodies using the PSF basis. Fur-
thermore, there is once again a difficulty in convergence using the ASF basis.
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Figure 11: Axial and vertical displacement at the free end of the beam as a function of time.

4 CONCLUSION
In this work, a framework was developed using flexible multibody modeling coupled with struc-
tural modeling using the Rayleigh-Ritz method capable of describing geometric nonlinearities
in very flexible structures, despite using a linear structural model. Furthermore, it presents ver-
satility to describe different structures with different types of connection, requiring only the
modification of the constraint matrix.

Furthermore, comparisons were made between two different function basis, where it was noted
that there was a difficulty in using a base of trigonometric functions derived from the analytical
result of the problem of a free unforced fixed beam, called as ASF, to solve the problem with
large displacements. However, when using the base of polynomial functions proposed by this
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work, called PSF, this difficulty was not observed, providing numerically stable results. Also,
two different modeling of the multibody system were compared, where it was observed that
the IMS modeling provided greater numerical stability of the constraints, however, the result
obtained by both is very similar, since the instability presented in the AMS modeling does not
was relevant to the proposed problem.

Ongoing and future work focuses on integrating the framework with vortex lattice method and
unsteady strip theory. In particular, the multibody approach appears to be a promising method
for modeling and simulating highly flexible wings with folding wingtips. Further analysis will
investigate the effects of geometrically nonlinear flexible dynamics and folding wingtip dynam-
ics on aircraft stability. Additionally, the design of active and passive control laws to reduce
aircraft loads using folding wingtips is under development, aiming to enhance aircraft perfor-
mance and safety.
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