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Abstract: Future aerial mobility will likely be powered by propeller propulsion, as it is more
suitable for use in combination with electric motors. Therefore avoiding rotor instabilities be-
comes a major concern in the early project phases for the next generation of aircraft. Within
this context, this work focuses on the application of Shape Memory Alloys (SMA) for Whirl
Flutter (WF) suppression in propeller-driven aircraft. SMAs have a thermal-dependent modulus
of elasticity, which allows the use of this class of materials to locally control the stiffness of the
connections between the motor and the wing. For most of the flight, the mounting stiffness
could be maintained at a minimum to better isolate the vibration coming from the motor, and
only at high speeds it could be increased to avoid aeroelastic instabilities. To conduct the study,
a 4 degree of freedom (dof) model of a wing section with an installed rotor was implemented
and verified. This model combines a typical aeroelastic section, with springs associated with
pitch and plunge dof, and the classical rotor model used in WF studies, which idealizes the rotor
mounting by two torsion springs associated with pitch and yaw dof. Predictions obtained using
the proposed model were compared with previous results from the literature. Following the
model verification, the application of SMA was implemented by assuming that the connecting
stiffness associated with the rotor installation is dependent on temperature, simulating an SMA-
made mounting. Thus, it was possible to map the final flutter velocity of the system as a function
of the temperatures associated with the rotor installation. The obtained results demonstrate that
the flutter speed of the system may be significantly modified using this approach. They also
indicate that the control of the SMA temperature shifts the dominant flutter mechanism from
WF to the classical wing flutter, increasing even more the flutter speed of the system.

1 INTRODUCTION
New aircraft concepts are bringing back the use of propeller-based propulsion aiming a reduc-
tion in the environmental impact of the aviation. Once the propellers provides major efficiency
in low speeds and they can be used with electric motors. Moreover, the use of electric motors
enables greater flexibility in the positioning of the propellers encouraging its installation spread
over all the aircraft plant. Thereby these new tendencies are influencing the next aircraft to have
more propellers, installed on unusual positions and with new combinations. In this context, the
Whirl Flutter analysis can became one of the most important studies in their projects.

Whirl Flutter (WF), or gyroscopic flutter, is an aeroelastic instability driven by: the gyroscopic
effect due to propeller rotation, the propeller aerodynamic side forces and the intrinsic elastic
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forces of the propeller mounting [1]. WF occurs when the wobbling motion of the propeller
mounting turns unstable at certain flight velocity.

WF was wholly modeled by Reed III and Bland [1] for the first time in 1961. They used the
structural and gyroscopic model of Taylor and Browne [2] combined with the aerodynamic
model of Ribner [3, 4]for propeller side forces to obtain the velocity where the whirl mode
becomes unstable. Thereafter, in 1962, Houbolt and Reed III [5] refined the model by creating
a new approach for the aerodynamic side forces evaluation.

In 1964, Bennett and Bland [6] conducted very important work that, for the first time, created a
model for investigating aeroelastic instabilities in a system composed of a wing with an installed
rotor. They developed an analytical model combining the traditional aeroelastic models for wing
flutter and WF. They concluded that the combined model was more suitable for determining
which mechanism would lead the system to instability and consequently generated more precise
values for the system’s critical velocity.

Besides all these studies, only after two fatal accidents [7] in 1959 and 1960 the phenomena be-
come a cause of major concern for the project of turboprop aircraft. Traditionally the approach
to deal with this type of instability during the project is only avoid the critical flutter velocity,
i.e., restrict the aircraft’s flight envelope. However new approaches probably will became nec-
essary to avoid whirl flutter for the forthcoming generation of turboprop aircraft. Thereby it
is justified to study the feasibility of using smart materials for this propose, especially Shape
Memory Alloys (SMA).

SMAs have a thermal-dependent modulus of elasticity, which allows the use of this class of
materials to locally control the stiffness of the connections between the motor and the wing. For
most of the flight, the mounting stiffness could be maintained at a minimum to better isolate
the vibration coming from the motor, and only at high speeds, it could be increased to avoid
aeroelastic instabilities. The use of SMAs for this purpose has been studied for both wing [8,9]
and panel [10, 11] flutter. This work proposes to extend the applicability of this method to
control WF as well.

2 AEROELASTIC MODEL FORMULATION

To conduct the study, a four degree of freedom model of a Typical Wing Section (TS) with
a installed rotor was implemented. This model combines the classical TS model presented in
several textbooks of aeroelasticity, with the most common WF model described in [1] and [5].
That combination generates a model with four degrees of freedom (dofs). The purpose of
this combination is to analyze somehow the influence of the wing in the phenomena without
increasing too much the complexity of the model. With the same purpose the influence of the
blowing caused by the rotor in the TS will be neglected too.

Both the WF and the TS classical models will be presented before the final 4 dof model. Not
only for conceptual contextualization but also because the 4 dof formulation will be constructed
using elements from the previous models. The definitions of each variable utilized in the for-
mulations are outlined in tables 1, 2 and 3.

2.1 Classic WF model

Taylor and Browne [2] purposed that the movement of the rotor mounted in the aircraft could be
reasonably described by two orthogonal angular displacements, pitch and yaw, has illustrated
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in figure 1. Thus, overall behavior of the mounting structure can be idealized by two torsional
stiffness and dampers associated with these angular movements. They also considered that the
propeller had three blades or more rigid to the hub. That consideration resulted in a constant
mass matrix for the system.

Figure 1: Reed Referential for WF Analyses (adapted from [1])

Figure 1 represents the referential adopted by [1] to his analyses as well the aerodynamic sides
forces and moments acting on the structure, (Fy, Fz,My,Mz). Equation 14 represents the sys-
tem dynamics. It can be obtained simply using the Newton’s Second Law of Rotation consider-
ing a small perturbation from the equilibrium position.

[mp]q̈p + ([cp] + [g])q̇p + [kp]qp = Qp (1)

Where

[mp] =

[
Iθ 0
0 Iψ

]
; [cp] =

[
cθ 0
0 cψ

]
; [kp] =

[
kθ 0
0 kψ

]
; [g] = Ixω

[
0 1
−1 0

]
;

Qp =

[
My − αRFz
Mz + αRFy

]
; qp =

[
θ
ψ

]
;

The left side of the equation 14 can be obtained by any theory that describes lateral forces and
moments actuating on the propeller. Ribner in [4] proved that lateral forces and movements
depend only on pitch and yaw angles and their temporal derivatives for propeller with three
or more blades. Thus, such forces and moments can be written as a function of aerodynamic
constants coefficients as in equations 2,3,4 and 5.

Fz =
1

2
ρV 2πR

(
czθθ + czq

(
R

V

)
θ̇ + czψψ + czq

(
R

V

)
ψ̇

)
(2)

Fy =
1

2
ρV 2πR

(
cyθθ + cyq

(
R

V

)
θ̇ + cyψψ + cyq

(
R

V

)
ψ̇

)
(3)
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Mz = ρV 2πR2

(
cmθθ + cmq

(
R

V

)
θ̇ + cmψψ + cmq

(
R

V

)
ψ̇

)
(4)

My = ρV 2πR2

(
cnθθ + cnq

(
R

V

)
θ̇ + cnψψ + cnq

(
R

V

)
ψ̇

)
(5)

Where θ and ψ are the effective pitch and yaw angles of incidence of the air stream in the
propeller during the whirling motion. According to [1] these effective angler are given by:

θ = θ − αRθ̇

V
(6)

ψ = ψ +
αRψ̇

V
(7)

With some algebraic manipulations using equations 2,3,4, 5, 7 e 7 it is possible obtain a expres-
sion for Qp:

Qp =
1

2
ρπR3(V 2[D][E][F1]qp +RV [D][E][F2]q̇p +R2[D][E][F3]q̈p); (8)

Where

[D] =

[
−α 0 1 0
0 α 0 1

]
; [E] =


czθ czq czψ czr
cyθ cyq cyψ cyr
2cmθ 2cmq 2cmψ 2cmr
2cnθ 2cnq 2cnψ 2cnr

 ;

[F1] =


1 0
0 0
0 1
0 0

 ; [F2] =


−α 0
1 0
0 −α
0 1

 ; [F3] =


1 0
0 0
0 1
0 0

 ;

As previously mentioned, any consistent aerodynamic theory can be used to obtain the aerody-
namic coefficients of side forces. The formulations chosen for this work are the ones developed
in [5] and [12]. The first one is a quasi-steady (QS) aerodynamic formulation and second is
based on the first but taking into consideration unsteady (US) aerodynamic effects. In both
cases, the authors recommend suppress the terms that depends on the second derivative of the
angles. Thus, the final WF model became:

[mp]q̈p + ([cp] + [caedp ] + [g])q̇p + ([kp] + [kaedp ])qp = 0; (9)
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The new matrices [caedp ] e [kaedp ] are called aerodynamic stiffness and damping matrices of the
system and are given by:

[caedp ] = −1

2
ρπR4V [D][E][F2] (10)

[kaedp ] = −1

2
ρπR3V 2[D][E][F2] (11)

2.2 Typical Section Alone

The aeroelastic model for TF considers that the section has two possible movements1, pitch (ϕ)
and plunge (h), and that each of these degrees of freedom are associated with a stiffness and a
damping. Equation 12, adapted from [13] represents it mathematically.

[mw]q̈w + [cw]q̇w + [kw]qw = Qw (12)

Where

[mw] =

[
m Sw
Sw Iϕ

]
; [cw] =

[
ch 0
0 cϕ

]
; [kr] =

[
kh 0
0 kϕ

]
;

Qw =

[
−L
M

]
; qw =

[
h
ϕ

]
;

The vector Qw clusters the aerodynamic lift (L) and momentum (M) exerted on the typical
section. The negative sign in the lift arises from the chosen reference frame for analysis, see
figure 2. Following the same steps of the previous section the Qw can be written in terms of
constant aerodynamic coefficients. Several textbooks of aeroelasticity presents formulations for
then. The QS and US formulations that will be used can be found in [14].

Qw =

[
−L
M

]
= −ρV

[
bLḣ b2Lθ̇

−b2Mḣ −b3Mθ̇

]
q̇w−ρV 2

[
Lh bLθ

−bMh −b2Mθ

]
qw = −[caedw ]q̇w−[kaedw ]qw

(13)

Finally, the final model for the typical section alone becomes:

[mw]q̈w + ([cw] + [caedw ])q̇w + ([kw] + [kaedw ])qw = 0; (14)

Similarly the new matrices [caedw ] e [kaedw ] are also aerodynamic stiffness and damping for the TS
model.

1see figure 2
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2.3 Final 4 dof Model

Figure 2 represents the adopted referential to analyze the system consisting of the typical sec-
tion with a coupled rotor. The angles θ and ψ still represent the pitch and yaw motion of the
propeller with respect to the airstream. The angle ϕ represents the pitch of the section and the
displacement h the plunge. This choice of variables is little different from the work done in [6].
It was done only to decouple the resultant gyroscopic matrix of system. Besides the figure 2
represents two articulations points, this works will considers a model with only one articulation
point.

Figure 2: Propeller and TS referential (adapted from [15])

To determine the final mathematical model for the system with 4 dof the same process done
in [6] can be realized, just adapting the variables names and definitions. The final model then
becomes:

([Mp]+[Mw])q̈+([Cp]+[Cw]+[Caed
p ]+[Caed

w ]+[G])q̇+([Kp]+[Kw]+[Kaed
p ]+[Kaed

w ])q = 0;
(15)

The vector q clusters all variables in the final problem i.e.:

q =

[
qp
qw

]
=


θ
ψ
h
ϕ

 (16)

The matrices [Mr] and [Mw] represents the total inertia of the non-rotating parts of the propeller
and TS respectively in terms of the new variables. They are given by:
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[Mp] =

 [mp]
m′xb m′xb∆xb
0 0

m′xb 0
m′xb∆xb 0

m′ mx′b
m′xb m′x2b

 (17)

[Mw] =

[
02x2 02x2
02x2 [mw]

]
(18)

Similarly, the other matrix of the final system can be determined using inherited information
from the previous models.

[Cp] =

 [cp]
0 −cθ
0 0

0 0
−cθ 0

0 0
0 cθ

 (19)

[Kp] =

 [kp]
0 −kθ
0 0

0 0
−kθ 0

0 0
0 cθ

 (20)

[Cw] =

[
02x2 02x2
02x2 [cw]

]
(21)

[G] =

[
[g] 02x2
02x2 02x2

]
(22)

[Kw] =

[
02x2 02x2
02x2 [kw]

]
(23)

[Caed
w ] =

[
02x2 02x2
02x2 [caedw ]

]
(24)

[Kaed
w ] =

[
02x2 02x2
02x2 [kaedw ]

]
(25)

For the aerodynamic matrices due to aerodynamic forces in the propeller, the transformation is
not that simple. For then it is necessary to reformulate the intermediate matrices [D], [F1] and
[F2], which results in:

[Caed
p ] =

1

2
ρπR4V [D∗][E][F ∗

2 ] (26)
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[Kaed
p ] =

1

2
ρπR3V 2[D∗][E][F ∗

1 ] (27)

Where:

D∗ =

 D
1
R

0 0 0
γ 0 0 0

 (28)

F ∗
1 =

F1

1
R

−γ
0 0
0 0
0 0

 (29)

F ∗
2 =

F2

0 0
1
R

−γ
0 0
0 0

 (30)

2.4 Thermal Stiffening

SMAs become stiffer during heating because partial transitions between martensite and austen-
ite phase inside the material [8]. To insert the thermal stiffening effect in both model it is enough
consider that the concentrated rigidities provided by the structure depends on the temperature
by the same mathematical expression of the adopted SMA model. This assumption is equiva-
lent to consider that the mounting structure is entirely made of SMA. Which is acceptable for a
conceptual study. Therefore, the equation 31 models the thermal dependency of the system:

ki(T ) =
kMi + kAi · exp[( χ

Af−As
)(T − Af+As

2
)]

1 + exp[( χ
Af−As

)(T − Af+As

2
)]

; i = [θ, ψ] (31)

3 NUMERICAL RESULTS AND DISCUSSION

3.1 Model Validation

Before studying the effect of thermal stiffening on the flutter speed of the system, it was neces-
sary to validate the final 4 dof model. For this purpose, cases from the literature were selected
for both TS and WF cases. The model was then validated for each case separately.

3.1.1 WF validation

This validation, consists of use the 4 dof model to reproduce the results of [16]. However that
reference presents a classical WF model with only the 2 dof of the rotor. Therefore to recreate
this scenario very large rigities were associated with the dof of the TS. Thus it was possible
to guarantee that the principal dynamics of the system would be the rotor dynamics. Table 1
presents all data collected from [16] for this validation:
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Table 1: WF Validation Study Case.

Description Symbology Value Unit
Rotor Radius R 0.152 m

Rotor Angular velocity Ω 40 rad/s
Pivot length / rotor Radius α 0.25 -

Rotating parts moment of inertia Ix 0.000103 kg ·m2

Pitch moment of inertia Iθ 0.000178 kg ·m2

Yaw moment of inertia Iψ 0.000178 kg ·m2

Number of Blades Nb 4 -
Blade Cord c 0.026 m

Blade lift slope cl 2π -
Structural Pitch Damping cθ 0.001 N m s rad−1

Structural Yaw Damping cθ 0.001 N m s rad−1

Structural Pitch Stiffness kθ 0.4 N m rad−1

Structural Yaw Stiffness kψ 0.4 N m rad−1

Section pitch Stiffness kh 1010 N m−1

Section plunge Stiffness kϕ 1010 N m rad−1

Figure 3 brings the aeroelastic diagrams obtained with that approach. The both the diagrams
and the obtained flutter velocity are in agreement with the results of [16]. The horizontal lines
in V − ξ diagrans shows that the damping of the TS do not varied significantly with the inflow
velocity confirming once more the results.

Figure 3: Aeroelastic diagrams for WF validation

The aerodynamic model used by [16] was the QS one. To also validate the US aerodynamic
model a new aeroelastic diagrams were created using this formulation and compared with the
previous one. The result is in figure 4. In the graphics the curves are almost indistinguishable,
which allows us to conclude that use QS or US aerodynamic models for WF will results in
practically the same results.
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Figure 4: Comparing Aerodynamic theories

3.1.2 TS validation

Analogously to the previous section, the 4 dof model was used to reproduce results from lit-
erature. A TS study case from [13] was select for this case. The original case considers only
the dofs associated with the TS so use the 4 dof model to reproduce this case it was necessary
to: made the rigidities associated with the rotor much larger than the others in the study, made
the mass and inertia of the rotor tend zero as well as the blade cord. Table 2 presents all data
collected from [13] for this validation:

Table 2: TS Validation Study Case.

Description Symbology Value Unit
Section Semi-cord b 0.127 m

(Elastic axis location)/ b a -0.15 -
Section mass m 4.7174 kg

Section Product of inertia Sw 0.15 kg ·m
Section Moment of inertia Iϕ 0.0295 kg ·m2

Section lift slope clα 2π -
Structural Pitch Damping cϕ 0.1 N m s rad−1

Structural Plunge Damping ch 0.1 N m s rad−1

Structural Pitch Stiffness kϕ 121.2751 N rad−1

Structural Plunge Stiffness kh 14741 N m−1

The obtained diagrams and flutter speeds (figures 5 and 6) are in agreement with the ones
presented in [13] for both quasi-steady and unsteady aerodynamics. It is important to perceive
that the difference of aerodynamic theory is much more visible in the results for the TS.
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Figure 5: TS diagrams with QS Aerodynamics

Figure 6: TS diagrams with US Aerodynamics

3.2 Thermal Stiffening Effect

With the aeroelastic model validated, the next steep is study the effect of the thermal stiffening
on the flutter speed. For that, a new case of studied will be implemented combining the cases
used in validation. To the combination, new variables will be introduced in the problem e.g.
the X coordinate of fixation point of the rotor in the section. Some of these variables have be
inferred from the previous cases and others can be chosen freely. The values adopted to that
variables are presented in table 3.

Furthermore values for the variables of the thermal stiffening model have also to be determinate.
To do that it was considered that the material of the connection of the rotor with the section is
made of the SMA studied in [9]. Consequently the stiffness after the phase transition in the
material will be three times the stiffness before as well as the spring constants used in the model
for the dof associated with the propeller. The values for those variables are also in table 3.
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Table 3: Thermal Stiffening Effect study.

Description Symbology Value Unit
Propepller mass m′ 0.1233 kg

Propepller Fixation point xb = γR 0 m
Propepller Center of Mass xd -0.038 m

xd − xb ∆xb -0.038 m
Connection Stiffness at martensite phase k

Mf

θ,ψ 0.4 N ·m−1

Connection Stiffness at austensite phase k
Af

θ,ψ 1.2 N ·m−1

Start Temperature of transition As 23 ºC
Final Temperature of transition Af 57 ºC

Rate of transitions between phases χ 6.2 -

After implementing the new variables it was possible to map the flutter speed of the system
in function of the temperatures associated with pitch and yaw of the rotor. Such mapping was
made for three different cases.

For the first case, the TS was artificially suppressed, similar to the approach taken for WF
validation. In the second case, the TS was included in the dynamics, using the QS aerodynamic
theory. In the third case, the TS was also present, but the aerodynamic model used was the US.
In all three scenarios, the QS aerodynamic theory was chosen for the propeller side forces, as
it had been previously in 3.1.1 demonstrated that using this model would not cause significant
differences in the results.

The obtained results for those cases are represented in the graphics of figures 7,8,9 e 10.

Figure 7: First Case Flutter Speed VS Temperatures
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Figure 8: Second Case Flutter Speed VS Temperatures

Figure 9: Thirt Case Flutter Speed VS Temperatures/ First Side

Figure 10: Thirt Case Flutter Speed VS Temperatures/ Second Side

Analysing the surfaces of figures 7,8,9 e 10 is possible to identify two important aspects. Firstly
that the major flutter velocities are obtained, generally, when only one stiffness is affected by the
temperature. It is in agreement with various previous results from literature [17] that established
that the most susceptible configuration for WF is the symmetric one i.e. with the same rigidities
associated with each propeller’s dof. And secondly, that the US aerodynamic model causes
great differences in the final flutter speed of the system. It was expected that the use of US
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model would increase the flutter speed but it also changed the final aspect of the surface that
maps the flutter speed in function of the temperatures.

To better visualise the data, graphics comparing the ”borders” of the surfaces from figures 7,8,9
e 10 were plotted in the figure 11 :

Figure 11: Results rearranged for better visualization

From the graphs in the figure 11 it is possible to infer that for low temperatures the dominant
flutter mechanism is the WH for all cases studied and as the temperature increases the flutter
mechanics changes depending on the case. For case 1 the flutter mechanism is WF for all
temperatures since the TS dynamics has suppressed at this case. For case 2, once the flutter
speed for all temperatures are very close to the obtained in case 1, it is plausible assume that the
governing flutter mechanism is also WF. However for case 3 this mechanism seems to changes,
between TS and WF, several times in different temperature zones, creating plateaus with small
flutter speed variations separated by abrupt speed jumps. The governing flutter mechanism in
each region can be determined just comparing the medium flutter speed of the region with the
the flutter speeds from the validation cases.

The explanation why this happens can be found comparing the plateau of high pitch and yaw
temperatures of case 3 with the behavior at the same temperature zone of the other cases. In
case 3 the critical speed is about 10m/s bigger but the instability mechanism seems to be WF
like in the other cases. The flutter speed is higher because the TS with US aerodynamics causes
considerably more asymmetry for the system than the TS with QS aerodynamics and as dis-
cussed before, asymmetry of tends to stabilize the WF mechanism. This observation by the
way explains why for case 3, the flutter speed is in general superior than in the other cases.
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4 CONCLUSIONS

Thorough the application of canonical models of WF , TS and Thermal Stiffening of SMA it
was demonstrated that is possible to significant elevate the flutter speed using some SMA based
mechanism. Concluding that it is quite practicable mechanism for augment aeroelastic stability
of wings with propellers installed.

It was assumed based on literature that the equivalent stiffness of the joint between the wing
and the propeller can be increased by 200% if it made of some SMA. That change elevated the
flutter speed to by up to 400%. This change was only achievable if the joint is not symmetric and
it is possible to variate only the stiffness associated with one direction of movement, preferably
the yaw direction.

To achieve such great variation, it was necessary to model not only the dynamics of the rotor, but
the combined dynamics of the rotor with the typical wing section. If the section is suppressed
from the model the gain in flutter speed is not more than 150%. Apparently the inclusion of the
TS in the model brings more asymmetry for the system, increasing it’s total stability. The gains
of flutter speed also seems to be strongly dependant of the aerodynamic model used in the wing
section. Using a QS model implied in the same gains calculated for the system without the TS
dynamics included.

For future works more realistic study case could be analysed by the same methodology. In this
case the dynamics of the complete wing could be take in consideration. And realistic values
for the variables could be used. The mounting could also not be totally made of some SMA
but instead SMA could be infused in the connection structure. Which would lead to minor
variations in the mounting stiffness and consequently minor gains in flutter speed.
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