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Abstract: Aeronautical structures, due to uncertainties and nonlinearities, require extensive
experimental testing for both design and certification, especially concerning their aeroelastic
behaviour. Such experimental procedures are conducted through both wind tunnel tests and
flying prototypes. The latter introduces risks to personnel, entails higher costs, and provides
considerably less control over external factors. At the same time, wind tunnel tests offer safety,
affordability, repeatability, and control over external variables. However, due to the limitations
of the wind tunnel test section, only scaled models or limited portions of the whole structure
can be tested, resulting in a lack of interaction with surrounding aero-structural systems. Hy-
brid Testing (HT) is an advanced experimental technique in structural engineering that combines
physical testing with numerical simulations to assess the behaviour of complex structures and
systems under various loading conditions. In HT, the structure of interest is divided into phys-
ical and numerical substructures and then combined to form a hybrid structure reproducing the
behavior of the original system. In the existing literature, HT has been primarily applied to
academic simplified aeroelastic systems. This work aims to evaluate the feasibility of HT for
aeroelastic industrial applications, considering a more realistic model. To this end, an aeroelas-
tic straight untapered half-wing is examined. In this work, both virtual and physical substruc-
tures are simulated. A transfer system ensures force and displacement compatibility between
the numerical and physical substructures through a control system employing sensors and actu-
ators at the interface. Time delay and bandwidth limitations associated with the transfer system
are modelled and investigated.

1 INTRODUCTION

Experimental testing of engineering structures has always been, and will continue to remain an
integral part of the product development cycle, from the design stages through to commerciali-
sation of the end product. Whilst in many cases it will not be possible to completely substitute
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experimentation without compromising safety and accuracy, there continues to be an unrelent-
ing search for methods to reduce the extent of required experimentation and thereby reduce
timescales and costs, in a safe and sustainable way. Real-time Hybrid testing (HT) is a tech-
nique that has attracted significant attention in the past few decades. Originally developed
within the field of earthquake engineering, the approach has begun to find application within
other engineering disciplines including within Aerospace Engineering. With this innovative
approach, it is sought to couple experimental testing of a portion of the overall system, with
a numerical model of the remainder of the system functioning in real-time, such that the net
behaviour of the hybrid system replicates the behaviour of the complete physical system with
good accuracy. A key advantage of the approach is the ability to test the physical sub-system
at full scale, allowing more accurate representations of scale-dependent phenomena such as
nonlinear behaviours of various types.

Since the origin of the technique, there have been significant contributions to the literature
on HT addressing various aspects of the approach. Blakeborough et al. [1] present a brief
overview of HT, and proceed to describe the main features of the method. A detailed account
of HT is provided by Wagg et al. [2], where over eighty related references are provided, and the
background of HT, comparisons with other well-known approaches such as Hardware-in-the-
loop, some of the key practical considerations of the approach such as stability and robustness,
and techniques for alleviating well-known issues with the method such as Delay Compensation
are presented. Among the implementations of HT within aircraft-related aeroelastic systems
is the work by Fagley et al. [3], investigating the aeroelastic behaviour of a cyber-physical
flexible wing model, their setup allowed running the system at a larger number of parameter
combinations than would have been possible in a purely experimental setup. Waghela et al. [4],
compare the performance of PID control and H infinity control in the cyber-physical transfer
system in their setup. Su and Song [5] implement HT on a cyber-physical aeroelastic system
based on a typical section 2-D aerofoil; results are generated in simulation only. Ruffini et
al. [6], implement HT on a cyber-physical system consisting of a (physical) flexible strut-braced
wing and a (numerically modelled) vibration absorber, to investigate aeroelastic response under
gust excitation. Taking inspiration from the testing of aircraft wings, Vizzaccaro et al. [7]
develop an iterative HT approach based on harmonic excitation for systems operating at steady-
state, and demonstrate the method via application to a cantilever beam system that represents
an aircraft wing; the controller is designed within the Fourier domain rather than in real-time.

The present research is motivated by the strong potential of the HT approach to be adopted
and developed within aircraft-related aeroelastic environments, which would pave the way for
HT to ultimately be embraced by industry. The feasibility of employing HT within industrial
aeroelastic applications will be assessed, by simulating the application of the method in an
aeroelastic cantilever wing. Section 2 presents the mathematical formulation of HT, which is
followed by a description of and results pertaining to the test case in Section 3. A summary of
the main findings thus far is presented in the final Conclusions, in Section 4.

2 METHODOLOGY

In this section, the methodology proposed in this work is presented. Figure 1 shows a structured
flowchart detailing the methodology of a hybrid testing approach for both virtual and physical
structures. The process begins with extracting matrices from a NASTRAN model using DMAP,
labelled ”Nastran matrices” in the flowchart, and proceeds to the next step labelled ”Divide bulk
and interface dofs”. This suggests an initial data structuring phase involving the partitioning
of elements for physical parts and the numerical model. In the ’Static condensation’ phase,
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reduced-order modelling using ”Craig–Bampton” on the numerical model is carried out. In this
work, proportional control is used to ensure that the displacements on the virtual and physical
interfaces are equal. Proportional control introduces a force proportional to the error, which is
the difference between the displacement of the virtual interface and the physical interface. To
implement this, nodes located at the interfaces between the physical and numerical models are
defined and connected using a rigid spring element (a spring with high stiffness values). This
setup is illustrated in the figure as ’Connect virtual and physical structure with rigid element’.
Hybrid testing is then performed on these assembled models and the details are explained in
the following. It should be noted that, in this section, the methodology is demonstrated for a
dynamical system, but it can also be extended to a dynamic aeroelastic system.

Figure 1: Proposed Methodology

The dynamic equation of motion for the complete structure can be expressed as a system of
linear time-invariant ordinary differential equations (ODEs):

Mẍ+Cẋ+Kx = f e (1)

where M ∈ Rn×n, C ∈ Rn×n, and K ∈ Rn×n represent the mass, damping, and stiffness
matrices of the structure, respectively. x ∈ Rn×1 is the response vector, f e ∈ Rn×1 is a generic
external forcing vector and n denotes the number of degrees of freedom. In this paper, where
the method presented here is applied to an aeroelastic system modelled using strip theory, the
aerodynamic terms are initially included as part of f e, and thereafter moved to the left hand side
of the equation where they appear as aerodynamic damping and aerodynamic stiffness related
terms, which are then incorporated into the overall damping and stiffness matrices C and K
respectively.

The original structure, modelled as Eq. (1), is divided into a physical model (denoted by sub-
script P) and a virtual model (denoted by subscript V). The physical and virtual models each
include two sets of degrees of freedom. The first set refers to those nodes in the bulk of the
substructure (indicated by subscript b) and those located at the interface (indicated by subscript
i). Obviously, the degrees of freedom at the interface are identical and represent one set of
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nodes in the original models before being divided into two models, i.e., physical and virtual.
The equilibrium equations for the physical substructure may be written as[

MPbb MPbi

MPib MPii

]{
ẍPb

ẍPi

}
+

[
CPbb CPbi

CPib CPii

]{
ẋPb

ẋPi

}
+

[
KPbb KPbi

KPib KPii

]{
xPb

xPi

}
=

{
f ePb

f eP i + f iP i

}
(2)

where xPb and xPi are the vectors of the physical bulk and interface degrees of freedom, respec-
tively. The superscripts e and i denote the external and internal forces, respectively. Similarly
for the virtual substructure:[

MV ii MV ib

MV bi MV bb

]{
ẍV i

ẍV b

}
+

[
CV ii CV ib

CV bi CV bb

]{
ẋV i

ẋV b

}
+

[
KV ii KV ib

KV bi KV bb

]{
xV i

xV b

}
=

{
f eV i + f iV i

f eV b

}
(3)

where xV b and xV i are the vectors of the virtual bulk and interface degrees of freedom, respec-
tively.

One significant challenge in using industrial-scale models is their large dimensions and the
impact of their computational time on live interactions between physical part and numerical
models. It is crucial to consider reduced-order modeling to address this issue in hybrid test-
ing. For this purpose, the Craig-Bampton transformation is applied to both sets of equations
introduced in (2) and (3). The displacement transformation of the Craig-Bampton method [8]
reduces the computational complexity of large finite element models by employing a combi-
nation of fixed-interface normal modes Φb and interface constraint modes Ψbi, and takes the
form {

xb

xi

}
=

[
Φb 0
Ψbi I

]{
ξb
xi

}
(4)

where ξb are the generalized coordinates. The Craig-Bampton transformation matrix is

Tcb =

[
Φb 0
Ψbi I

]
(5)

It is important to note that only the degrees of freedom corresponding to the bulk parts of the
model are used for reduced-order modelling. Using the Craig-Bampton transformation matrix,
Equation (2) becomes:[

M̂Pbb M̂Pbi

M̂Pib M̂Pii

]{
ξ̈Pb

ẍPi

}
+

[
ĈPbb 0

0 ĈPii

]{
ξ̇Pb

ẋPi

}
+

[
K̂Pbb 0

0 K̂Pii

]{
ξPb

xPi

}
=

{
f̂ ePb

f eP i + f iP i

}
(6)

where the transformation matrix Tcb
P was used and ξPb are the modal coordinates of the bulk

degrees of freedom. Following the same procedure, equation (3) becomes[
M̂V ii M̂V ib

M̂V bi M̂V bb

]{
ẍV i

ξ̈V b

}
+

[
ĈV ii 0

0 ĈV bb

]{
ẋV i

ξ̇V b

}
+

[
K̂V ii 0

0 K̂V bb

]{
xV i

ξV b

}
=

{
f eV i + f iV i

f̂ eV b

}
(7)

where the transformation matrix Tcb
V was used and ξV b are the modal coordinates of the bulk

degrees of freedom.

For the two systems to be connected, the internal interface forces have to be balanced

f iV i = −f iP i, (8)
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and the interface displacements have to be equal

xPi = xV i. (9)

There are different strategies to impose these conditions but here we choose to simply regularise
the problem and impose an a very stiff connection between the physical and virtual interface
degrees of freedom, which leads to:

f iV i = −f iP i = Krigid(xPi − xV i) (10)

where Krigid is an identity matrix with the value of stiffness defined to ensure xPi and xV i have
nearly the same dynamics. In this way, the interface forces (and moments) are automatically
balanced and the interface error on displacements (and rotations) becomes smaller as the con-
nection stiffnesses increase. From a control point of view, this is equivalent to use a simple
proportional controller with high control gain.

The combined hybrid system reads:
M̂Pbb M̂Pbi 0 0

M̂Pib M̂Pii 0 0

0 0 M̂V ii M̂V ib

0 0 M̂V bi M̂V bb



ξ̈Pb

ẍPi

ẍV i

ξ̈V b

+


ĈPbb 0 0 0

0 ĈPii 0 0

0 0 ĈV ii 0

0 0 0 ĈV bb



ξ̇Pb

ẋPi

ẋV i

ξ̇V b

+

+


K̂Pbb 0 0 0

0 K̂Pii +Krigid −Krigid 0

0 −Krigid K̂V ii +Krigid 0

0 0 0 K̂V bb



ξPb

xPi

xV i

ξV b

 =


f̂ ePb

f eP i

f eV i

f̂ eV b

 (11)

To define the control scheme that will realise Eq. (11), we now split the physical and virtual
systems as[
M̂Pbb M̂Pbi

M̂Pib M̂Pii

]{
ξ̈Pb

ẍPi

}
+

[
ĈPbb 0

0 ĈPii

]{
ξ̇Pb

ẋPi

}
+

[
K̂Pbb 0

0 K̂Pii

]{
ξPb

xPi

}
=

{
f̂ ePb

f̂ eP i

}
−
{

0
Fact

}
(12)

and[
M̂V ii M̂V ib

M̂V bi M̂V bb

]{
ẍV i

ξ̈V b

}
+

[
ĈV ii 0

0 ĈV bb

]{
ẋV i

ξ̇V b

}
+

[
K̂V ii 0

0 K̂V bb

]{
xV i

ξV b

}
=

{
f̂ eV i

f̂ eV b

}
+

{
Fact

0

}
(13)

where the actuation force acting on the interface of the physical system is defined as the interface
force:

Fact = Krigid(xPi − xV i). (14)

Figure 2 shows a control system that incorporates interactions between the physical system and
the virtual system, defined using Simulink. Initially, a gust input is fed to both the physical
and virtual models, which corresponds to the external force in Eq. (12) and Eq. (13). The
solution of the physical model (which, in real scenarios, involves actual experiments on the
physical structure) determines the displacements at the physical interface xPi. Simultaneously,
the solution of the numerical model results in displacements at the virtual interface nodes xPi.

5



IFASD-2024-033

Figure 2: Simulink model

Both the physical and virtual nodes’ displacements are fed into the control system to generate
the actuation force Fact, as defined in Equation 14. This actuation force is then inputted into
the both substructures to minimize the discrepancy between the displacements at the virtual and
physical interface nodes.

Delays associated with actuator forces and phase lag arising in measurements from sensors
is an important practical consideration within HT, and is known to cause various undesirable
dynamic phenomena including instability. Thus, accounting for these is a significant part of
ensuring accuracy of the HT process. There are various combinations of delay and phase lag
that may be modelled. In the present work, the focus has been placed on actuator delay. This
control system includes a feedback mechanism with inherent delay applied to the actuator force
signal, to mimic real life scenarios in which there will usually be a delay between when the
required actuator forces are calculated and applied at the interface.In this work, the actuator
delay has been modelled as a time delay by a certain amount of time τ (represented as e−sτ in
the Laplace domain).

3 TEST CASE

3.1 Hybrid testing for industrial applications – cantilever elastic wing

In this section, the approach introduced in Section 2 is applied to the aeroelastic equations of
motion, presented as follows:

Aẍ+ (ρVB+D) ẋ+
(
ρV 2C+ E

)
x = f (15)

In Eq. 15, A, D, and E represent the structural inertia, damping, and stiffness matrices, re-
spectively, while B and C denote the aerodynamic damping and stiffness matrices. The vector
x comprises physical coordinates, and the force vector f on the right-hand side can include
contributions from trim, lift at zero incidence, the gravitational field, and gust effects on the
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aerodynamic surfaces. In this case, the external force f is attributed to gusts, and the aerody-
namic model uses strip theory, incorporating the lift coefficient curve with a slope of 2π.

The wing under investigation is a cantilevered, straight rectangular wing with a span of 0.6
metres and a chord of 0.2 metres. It consists of an aluminium spar with Young’s modulus of
72 MPa and a density of 2700 kg/m3. The spar features a cross-sectional design. Additionally,
the wing includes seven 3D-printed airfoil sections, each weighing 0.01 kg. The design of the
wing is similar to those previously studied by the authors [9–12]. The wing was modelled in
Nastran using a stick model and concentrated masses representative of the Aerofoil sections. To
simulate the actual behaviour of the wing, 1% proportional damping was incorporated. Figure 3
shows the elastic wing considered in this study. Table 1 summarises the main wing parameters.
Following the methodology outlined in Section 2, the wing was divided into a physical model

Figure 3: Elastic wing considered for HT

Span 0. 6 m
Chord 0.2 m

Airspeed 12 m/s
Structure stick model

Aerodynamic model strip theory

Table 1: Full wing parameters

and a virtual model. In the connection between the physical and the virtual system, a stiffness of
107 N/m was introduced at the displacement degrees of freedom and 107 Nm/rad was introduced
at the rotational degrees of freedom. The virtual model comprises the first 0.5 m of the wing
span, while the physical model represents the last 0.1 m. Figure 4 shows the wind divided into
a virtual and a physical structure.

To ensure the hybrid testing procedure was implemented correctly, an eigenvalue analysis was
performed on both the full system (using the Nastran sol103 analysis) and the hybrid testing
system. Table 2 shows a comparison between the wing structural frequencies calculated by
Nastran and those obtained by considering the two substructures connected with a rigid spring.
The increased curvature of the wing mode shapes at higher frequencies results in greater dis-
crepancies between the natural frequencies of the original model and the model with rigid spring
elements.
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Figure 4: Elastic wing considered for HT

Nastran [Hz] Substructuring [Hz] Error
0.49 0.49 0%
1.26 1.26 0%
3.00 2.99 0.3%
7.65 7.66 0.1%
8.12 8.15 0.04%

20.79 22.42 7.8%

Table 2: Comparison full wing structural frequencies

3.2 Aeroelastic gust response

In this section, the wing tip displacement response of the wing at sea level, subjected to an
airspeed of 12 m/s and a vertical gust, is demonstrated. Figure 5 illustrates the comparison
between the vertical displacement of the wing tip for the full wing (reference) and the HT system
(Simulink) in response to a sinusoidal gust of 1 m/s at 0.5 Hz. It is evident that the results of
the two models, assuming zero delay, correspond closely, demonstrating the applicability of the
proposed HT.

3.3 Effect of actuator delay

The effects of delays in force and moment actuators are examined in this section. As shown in
Figure 6, lower values of time delays in the vertical force actuator at the interface do not signifi-
cantly impact the HT model results when compared to the original model results. However, the
results deteriorate at higher values of time delays, highlighting the importance of these effects
in HT. The delay in force also affects the moment actuator force, as seen on the right-hand side
of Figure 6. The delay in the moment actuator is further illustrated in Figure 7. The results indi-
cate that delays in the moment actuator create higher levels of errors compared to delays in the
vertical force. Figure 8 demonstrates the effects of delays in both force and moment actuators
simultaneously, and as expected, the effects in this case are more pronounced.

The trends observed in the above results demonstrate how profoundly the performance of the
HT scheme can be affected by actuator delay; thus, it is vital that (a) appropriate actuators
with minimal delays and other undesirable dynamics are chosen, (b) suitable delay compensa-
tion techniques are implemented within the interface control system to alleviate the effects of
actuator delay.
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Figure 5: Elastic wing gust response

Wing gust response Actuators response

Figure 6: Gust response considering delay in the Fz actuator
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Wing gust response Actuators response

Figure 7: Gust response considering delay in the Mx actuator

Wing gust response Actuators response

Figure 8: Gust response considering delay in the Fz and Mx actuators
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4 CONCLUSION

This paper demonstrates the application of model reduction techniques in the hybrid testing
(HT) of aeroelastic systems. HT has been widely used for systems with a small number of
degrees of freedom. To the authors’ knowledge, there has been no work on applying HT to
more realistic test cases, which are necessary for the application of industrialised test cases.
This paper presents preliminary results from efforts to address this gap. For model reduction
of dynamical systems, the Craig-Bampton method was employed. Although the ultimate aim is
to facilitate live interaction between the physical model and the numerical model, in this initial
attempt, we used a realistic cantilever wing model divided into two sections. One part represents
the numerical section, while the other mimics the physical structure. The connection between
the two models is modelled using rigid spring elements that replicate the role of actuator forces,
providing interaction forces between the numerical and physical components at the interface.
It is assumed that sensors measuring the interface displacement feed into the control system,
defining the actuator force. Results are demonstrated in an aeroelastic model of a cantilever
wing and show excellent agreement between the original model results and HT results in the
absence of any delay in actuator force. It highlights the significance of delays in actuation
forces and how they can significantly deteriorate the effectiveness of HT results. Therefore,
future work should focus on implementing delay compensation methods in actuation systems.
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