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Abstract: The Source and Doublet Panel Method (SDPM) developed by Morino in the 1970s

can model unsteady compressible ideal flow around wings and bodies. In this work, the SDPM

is adapted to the calculation of aeroelastic solutions for wings. A second order nonlinear version

of Bernoulli’s equation is transformed to the frequency domain and written in terms of the gen-

eralized mode shapes and displacements. It is shown that the unsteady pressure component at

the oscillating frequency is a linear function of the generalized displacements and can therefore

be used to formulate a linear flutter problem. The proposed approach has several advantages:

the exact geometry is modelled, including thickness, camber, twist and dihedral effects, the mo-

tion of the surface can be represented using all six degrees of freedom, the pressure calculation

is of higher order and the generalised aerodynamic mass, damping and stiffness load terms are

calculated separately. The complete procedure is validated using the experimental data from

the weakened AGARD 445.6 wing and three rectangular wings with pitch and plunge degrees

of freedom.

1 INTRODUCTION

This work presents an aeroelastic prediction methodology based on the subsonic unsteady

Source and Doublet Panel Method (SDPM) dvelopped by Morino et al [1–3]. This method mod-

els all aspects of wing geometries, including the exact airfoil shape, twist, dihedral, winglets

etc. It was recently improved by means of a nonlinear pressure calculation and the zero normal

mass flux boundary condition [4, 5], so that it can now predict unsteady pressure distributions

with better accuracy. Furthermore, it has been extended to the calculation of the aerodynamic

stability derivatives of complete aircraft configurations [6, 7]. Here, the SDPM is extended to

flutter calculations and the resulting technique is applied to standard experimental flutter test

cases.
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2 QUASI-FIXED MODELLING

Quasi-fixed aeroelastic modelling assumes that points on the surface of a body, xs(t), can be

expressed as

xs(t) = xs0 + x′(xs0 , t)

where xs0 is the initial shape and x′(xs0, t) a small time-varying deformation with ||x′|| ≪
||xs0||. The local rotation angles are denoted by φ(xs0 , t) for roll around the x axis, θ(xs0 , t) for

pitch around the y axis and ψ(xs0, t) for yaw around the z axis. For small rotation angles, the

rotation matrix can be linearised such that

R(xs0 , t) =





1 −ψ(xs0 , t) −θ(xs0 , t)
ψ(xs0, t) 1 −φ(xs0 , t)
θ(xs0 , t) φ(xs0, t) 1





as long as the axis system and the positive angle directions are defined using the right-hand rule.

As developed in the present work, the SDPM uses an axis system whereby the x axis is positive

in the downstream direction, the y axis in the left direction when looking downstream and the

z axis in the upwards direction. Consequently, in order to retain the positive directions for the

pitch and yaw that are usually used in aerodynamics, the signs of φ and ψ must be changed,

such that the rotation matrix becomes

R(xs0 , t) =





1 ψ(xs0, t) −θ(xs0 , t)
−ψ(xs0 , t) 1 φ(xs0, t)
θ(xs0, t) −φ(xs0 , t) 1





In quasi-fixed modelling, the shape of the surface remains constant in time and equal to xs0(t).
The motion of the surface is represented by the unsteady relative velocity between the surface

and the flow, −ẋ′

s(t), and by the rotation of the free stream

Q∞(xs0 , t) = R(xs0, t)Q∞(0) =





1 ψ(xs0, t) −θ(xs0 , t)
−ψ(xs0 , t) 1 φ(xs0 , t)
θ(xs0 , t) −φ(xs0 , t) 1



Q∞(0) (1)

whereQ∞(0) is the initial free stream velocity.

Within the context of a finite element representation of the surface, x′(xs0 , t) would be the

translational and (φ(xs0, t), θ(xs0, t), ψ(xs0 , t)) the rotational degrees of freedom of the node

lying at xs0 . If there are NFE nodes on the (xs0, ys0) plane, then the equation of motion of the

structure is

M ÿ +Ky = 0

whereM ,K are 6NFE×6NFE mass and stiffness matrices and y is a 6NFE×1 vector of nodal

degrees of freedom of the form

y =
(

x′1 y′1 z′1 φ1 θ1 ψ1 . . . x′NFE
y′NFE

z′NFE
φNFE

θNFE
ψNFE

)T

In modal space, the equation of motion is written as

Aq̈+Eq = 0 (2)

where y = Φq, A = ΦTMΦ and E = ΦTKΦ. The 6NFE × K mode shape matrix, Φ, is

obtained from the solution of the generalized eigenvalue problem

KV =MV Λ
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where V is the 6NFE × 6NFE eigenvector matrix and Λ the 6NFE × 6NFE eigenvalue matrix.

Then, Φ is the matrix formed by the first K columns of V , whileA andE are K×K diagonal

matrices and q(t) is the K × 1 generalized coordinate vector. Then, the displacements and

rotations of the wing’s surface can be expressed as

x′(t) = Φxq(t), y
′(t) = Φyq(t), z

′(t) = Φzq(t),

φ(t) = Φφq(t), θ(t) = Φθq(t), ψ(t) = Φψq(t)

Finally, ifQ∞(0) = (U∞, V∞, W∞), equation 1 becomes

U∞(t) = U∞ + V∞Φψq(t)−W∞Φθq(t)

V∞(t) = −U∞Φψq(t) + V∞ +W∞Φφq(t)

W∞(t) = U∞Φθq(t)− V∞Φφq(t) +W∞

Adding the unsteady relative velocity term, −ẋ′

s(t), written out for each of the nodes, the total

relative flow velocity due to the flexible motion becomes

urel(t) = U∞ + V∞Φψq(t)−W∞Φθq(t)−Φxq̇(t)

vrel(t) = −U∞Φψq(t) + V∞ +W∞Φφq(t)−Φyq̇(t) (3)

wrel(t) = U∞Φθq(t)− V∞Φφq(t) +W∞ −Φzq̇(t)

Note that, if the wing or aircraft is flying with mean airspeed Q∞ at a mean angle of attack α0

and mean sideslip angle β0, then [8]

U∞ = Q∞ cosα0 cos β0, V∞ = −Q∞ sin β0, W∞ = Q∞ sinα0 cos β0 (4)

3 AEROELASTIC SOURCE AND DOUBLET PANEL METHOD

The fundamental equation of the unsteady compressible Source and Doublet Panel Method

(SDPM) is Green’s theorem in the frequency domain [1, 9]

(

B̄φ(ω)−
1

2
I

)

µ(ω) + C̄φ(ω)µw(ω) = −Āφ(ω)σ(ω) (5)

Equation 5 is written out for the N panels on the surface of a wing and the Nw panels on the

flat wake, such that ω is the frequency in rad/s, Āφ(ω), B̄φ(ω) are N × N source and doublet

influence coefficient matrices, C̄φ(ω) is the N ×Nw doublet influence coefficient matrix of the

wake on the wing, σ(ω), µ(ω) are N × 1 vectors of the source and doublet strengths on the

wing panels and µw(ω) is the Nw × 1 vector of the doublet strengths on the wake panels.

The source strength vector σ(ω) is calculated from the zero mass flux normal to the surface

boundary condition [4, 5], such that

σ(ω) = iΩM∞nξ ◦ µ(ω)−
(

1

β
um(ω) ◦ nξ + vm(ω) ◦ nη +wm(ω) ◦ nζ

)

(6)

where M∞ is the free stream Mach number, Ω = ω/a∞β, a∞ is the free stream speed of sound,

β =
√

1−M2
∞

is the subsonic compressibility factor, nξ, nη, nζ are N × 1 vectors of the

three components of unit vectors normal to the panels and pointing into the flow, ξ = x/β,

η = y, ζ = z are Prandtl-Glauert coordinates and the operator ◦ is used to denote the Hadamard
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product, i.e. element-by-element multiplication of vectors of the same size. Finally, um(ω),
vm(ω), wm(ω) are obtained from the Fourier Transform of equations 3, after interpolating the

mode shapes of the finite element model onto the control points of the SDPM panels, that is

um(ω) = U∞δ(ω) + V∞Φ̃ψq(ω)−W∞Φ̃θq(ω)− iωΦ̃xq(ω)

vm(ω) = −U∞Φ̃ψq(ω) + V∞δ(ω) +W∞Φ̃φq(ω)− iωΦ̃yq(ω) (7)

wm(ω) = U∞Φ̃θq(ω)− V∞Φ̃φq(ω) +W∞δ(ω)− iωΦ̃zq(ω)

where the tilde denotes interpolated quantities and δ(ω) is the Kronecker delta function.

Equation 5 constitutes a set ofN equations withN+Nw unknowns, the doublet strength vectors

µ(ω) and µw(ω). Imposing the Kutta condition and assuming that the wake vorticity travels at

the free stream velocity, the doublet strengths in the wake can be written in terms of the doublet

strengths of the trailing edge panels on the upper and lower surfaces. Then, equation 5 becomes

(

B̄φ(ω)−
1

2
I + C̄φ(ω)Pe(ω)Pc

)

µ(ω) = −Āφ(ω)σ(ω) (8)

where Pc and Pe(ω) are given by

Pc =
(

0n×(2m−1)n In
)

−
(

In 0n×(2m−1)n

)

(9)

Pe(ω) =











Ine
−iωc0/mU∞

Ine
−iω2c0/mU∞

...

Ine
−iωmwc0/mU∞











=











Ine
−iω2k/m

Ine
−iω4k/m

...

Ine
−iω2mwk/m











(10)

mw is the number of wake panels in the streamwise direction, m is the number of upper surface

wing panels in the chordwise direction, n is the number of wing panels in the spanwise direction,

the total number of wing panels is N = 2mn, c0 is the root chord of the wing and

k =
ωc0
2U∞

is the reduced frequency. The elements of matrices Ā(ω), B̄φ(ω) and C̄φ(ω) are given by [4]

ĀφIJ (ω) = e−iΩ(−M∞(ξcI−ξcJ )+r(ξcI ,ξcJ ))AφI,J (11)

B̄φIJ (ω) = −iΩe−iΩ(−M∞(ξcI−ξcJ )+r(ξcI ,ξcJ ))M∞nξ(ξcJ )AφI,J

+ (1 + iΩr(ξcI , ξcJ )) e
−iΩ(−M∞(ξcI−ξcJ )+r(ξcI ,ξcJ ))BφI,J (12)

for I = 1, . . . , N , J = 1, . . . , N and

C̄φIJ (ω) = (1 + iΩr(ξcI , ξcJ )) e
−iΩ(−M∞(ξcI−ξcJ )+r(ξcI ,ξcJ ))CφI,J (13)

for I = 1, . . . , N , J = 1, . . . , Nw. In these last three expressions, ξcI,J = (ξcI,J , ηcI,J , ζcI,J )
are the Prandtl-Glauert coordinates of the Ith or J th panel control points while the N × N
matricesAφ,Bφ and Cφ are the source and doublet influence coefficient matrices obtained for

steady potential flow using the approach by Hess and Smith [10]. Furthermore, it has been

assumed that the wake is flat and aligned with the x axis, so that nξ(ξcJ ) = 0 for all the wake

panels. Also note that the compressible frequency Ω can be written as

Ω =
2kM∞

c0β
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so that ĀφIJ (k,M∞), B̄φIJ (k,M∞) and C̄φIJ (k,M∞) are functions only of the wing’s geometry,

the panel grid, the Mach number and the reduced frequency.

Equations 6 to 8 now form a set of N equations with N unknowns, the wing doublet strengths

µ(ω). The solution can be written as

µ(k) = −K(k)µn(k) (14)

where

K(k) =

(

2ikM2
∞

c0β
Āφ(k) ◦ nξ + B̄φ(k)−

1

2
I + C̄φ(k)Pe(k)Pc

)

−1

Āφ(k)

µn(k) = −
(

1

β
um(k) ◦ nξ + vm(k) ◦ nη +wm(k) ◦ nζ

)

and the Hadamard operator is also used to denote the element-by-element multiplication of each

of the columns of a matrix by the same column vector. In most subsonic aircraft aeroelastic

applications k ≤ 2 and nξ is small except around the leading edge, so that the first term in the

expression forK(k) can be neglected.

3.1 Calculation of the surface flow velocities

The next step is to calculate the perturbation flow velocities φx, φy and φz on the surface. This

calculation can be carried out in Prandtl-Glauert coordinates, recalling that the doublet strength

on the surface is the potential, µ(ξcI , k) = φ(ξcI , k). The doublet strength is differentiated

numerically in the chordwise and spanwise directions and the three components of the velocity

in the ξ, η, ζ directions are obtained from [4, 5]

τm(ξcI ) · (φξ(ξcI , k), φη(ξcI , k), φζ(ξcI , k)) = τm(ξcI ) · ∇µ(ξcI , k)
τn(ξcI ) · (φξ(ξcI , k), φη(ξcI , k), φζ(ξcI , k)) = τn(ξcI) · ∇µ(ξcI , k) (15)

n(ξcI ) · (φξ(ξcI , k), φη(ξcI , k), φζ(ξcI , k)) = n(ξcI) · ∇µ(ξcI , k)

where τm(ξcI ), τn(ξcI) are unit vectors tangent to the surface at the control point of the Ith

transformed panel and pointing in the chordwise and spanwise directions, τm(ξcI ) · ∇µ(ξcI , k),
τn(ξcI ) · ∇µ(ξcI , k) are the derivatives of the doublet strength in the chordwise and spanwise

directions at the Ith control point and n(ξcI ) · ∇µ(ξcI , k) = σ(ξcI , k) is the source strength

on the Ith panel. Then, the surface perturbation velocities are transformed back to the original

coordinates using

φx(xcI , k) =
1

β
φξ(ξcI , k), φy(xcI , k) = φη(ξcI , k), φz(xcI , k) = φζ(ξcI , k)

The derivatives τm(ξcI) · ∇µ(ξcI , k), τn(ξcI ) · ∇µ(ξcI , k) can be calculated using central dif-

ferences, except at the leading edge, trailing edge and wingtips where forward/backward differ-

ences are used as necessary [7]. Then, the perturbation velocities in cartesian space are obtained

from

φx(k) =Kx(k)µn(k), φy(k) =Ky(k)µn(k), φz(k) =Kz(k)µn(k) (16)

whereφx,φy,φz areN×1 vectors whose elements are the three components of the perturbation

velocity on the control points,K(k) is given just after equation 14 and Kx(k), Ky(k), Kz(k)
are N ×N matrices that are functions ofK(k) and the finite difference scheme.

5
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3.2 Calculation of the aerodynamic loads

The final step is to calculate the pressure coefficient on the panels from the second order un-

steady compressible Bernoulli equation [8]

cp(t) = 1− Q(t)2

Q2
∞

+
M2

∞

Q2
∞

φ2
x −

2

Q2
∞

φt +
M2

∞

Q4
∞

φ2
t +

2M2
∞

Q3
∞

φxφt (17)

Applying the Fourier transform leads to

cp(ω) = δ(ω)− Q(ω) ∗Q(ω)
Q2

∞

+
M2

∞

Q2
∞

φx(ω) ∗ φx(ω)−
2iω

Q2
∞

φ(ω)

+
M2

∞

Q4
∞

(iωφ(ω)) ∗ (iωφ(ω)) + 2M2
∞

Q3
∞

φx(ω) ∗ (iωφ(ω)) (18)

where the ∗ operator denotes convolution. Assuming sinusoidal motion at frequency ω0, φx(ω),
u(ω), v(ω) etc have frequency components at −ω0, 0 and ω0 and can be written as vectors with

three elements, that is

φx(ω) = (φ∗

x(ω0), φx(0), φx(ω0))

iωφ(ω) = ((iω0µ(ω0))
∗, 0, iω0µ(ω0))

u(ω) = (φ∗

x(ω0) + u∗m(ω0), U∞ + φx(0), φx(ω0) + um(ω0))

v(ω) = (φ∗

y(ω0) + v∗m(ω0), V∞ + φy(0), φy(ω0) + vm(ω0)) (19)

w(ω) = (φ∗

z(ω0) + w∗

m(ω0), W∞ + φz(0), φz(ω0) + wm(ω0))

Q(ω) ∗Q(ω) = u(ω) ∗ u(ω) + v(ω) ∗ v(ω) + w(ω) ∗ w(ω)
where the ∗ superscript denotes the complex conjugate. Since φx(ω), iωφ(ω), u(ω), v(ω), w(ω)
all have three frequency components, cp(ω) will have five components due to the convolution.

Consequently, the third component gives cp(0), the fourth cp(ω0) and the fifth cp(2ω0). Working

through the convolutions, the zero frequency component of the pressure becomes [7]

cp(0) = 1− 2u∗(ω0) ◦ u(ω0) + u(0) ◦ u(0)
Q2

∞

− 2v∗(ω0) ◦ v(ω0) + v(0) ◦ v(0)
Q2

∞

−2w∗(ω0) ◦w(ω0) +w(0) ◦w(0)

Q2
∞

+
M2

∞

Q2
∞

(2φ∗

x(ω0) ◦ φx(ω0) + φx(0) ◦ φx(0))

+
2ω2

0M
2
∞

Q4
∞

µ∗(ω0) ◦ µ(ω0) +
2iω0M

2
∞

Q3
∞

(φ∗

x(ω0) ◦ µ(ω0)− φx(ω0) ◦ µ∗(ω0)) (20)

noting that cp(0) is a N ×K real matrix of the mean pressure coefficient on the control points

due to each mode. The mean pressure coefficient is different to the steady value of the pressure

coefficient in the absence of motion, given by

cp0 = 1− u(0) ◦ u(0) + v(0) ◦ v(0) +w(0) ◦w(0)

Q2
∞

+
M2

∞

Q2
∞

(φx(0) ◦ φx(0)) (21)

where cp0 is a N × 1 vector of the steady pressure coefficient values on the control points due

to the free stream only.

The pressure coefficient component at the oscillation frequency ω0 is given by [7]

cp(ω0) = −2
u(0) ◦ u(ω0) + v(0) ◦ v(ω0) +w(0) ◦w(ω0)

Q2
∞

+
2M2

∞

Q2
∞

φx(0) ◦ φx(ω0)

−2iω0

Q2
∞

µ(ω0) +
2iω0M

2
∞

Q3
∞

φx(0) ◦ µ(ω0) (22)

6
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so that cp(ω0) is a N × K complex matrix of the oscillatory pressure component at ω0 on the

control points. The component cp(2ω0) can be calculated in similar fashion, that is [7]

cp(2ω0) = −u(ω0) ◦ u(ω0) + v(ω0) ◦ v(ω0) +w(ω0) ◦w(ω0)

Q2
∞

+
M2

∞

Q2
∞

φx(ω0) ◦ φx(ω0)−
ω2
0M

2
∞

Q4
∞

µ(ω0) ◦ µ(ω0)

+
2iω0M

2
∞

Q3
∞

φx(ω0) ◦ µ(ω0)

Note that the expressions for cp(0) and cp(2ω0) contain nonlinear terms in φx(ω0), u(ω0),
v(ω0), w(ω0), µ(ω0) while the expression for cp(ω0) does not. As the objective of the present

work is to formulate a linear aeroelastic problem, only cp(ω0) will be considered.

Substituting from equations 14 and 19 into expression 22, the pressure component at ω = ω0

on all the panel control points becomes [7]

cp(ω0) = − 1

β
(C0 ◦ nξ)um − 2

Q2
∞

u(0) ◦ um − (C0 ◦ nη)vm − 2

Q2
∞

v(0) ◦ vm

−(C0 ◦ nζ)wm − 2

Q2
∞

w(0) ◦wm +
iω0

β
(C1 ◦ nξ)um

+iω0(C1 ◦ nη)vm + iω0(C1 ◦ nζ)wm (23)

where

C0(ω0) =
2M2

∞

Q2
∞

Kx(ω0) ◦ φx(0)−
2

Q2
∞

Kx(ω0) ◦ u(0)−
2

Q2
∞

Ky(ω0) ◦ v(0)

− 2

Q2
∞

Kz(ω0) ◦w(0)

C1(ω0) =
2

Q2
∞

K(ω0)−
2M2

∞

Q3
∞

K(ω0) ◦ φx(0)

µn(0) = −
(

U∞

β
nξ + V∞nη +W∞nζ

)

(24)

and φx(0) =Kx(0)µn(0), φy(0) =Ky(0)µn(0), φz(0) =Kz(0)µn(0), u(0) = U∞ +φx(0),
v(0) = V∞ +φy(0),w(0) =W∞ +φz(0). It can be seen that, despite the fact that equation 17

is nonlinear, the pressure component at ω0 in equation 23 is a linear combination of the relative

velocities um, vm, wm. Up to this point, the latter have not been specified.

For flexible motion described in modal coordinates, the relative velocities between the flow and

the body are given by equation 7, such that for ω = ω0,

um(ω0) = V∞Φ̃ψq(ω0)−W∞Φ̃θq(ω0)− iω0Φ̃xq(ω0)

vm(ω0) = −U∞Φ̃ψq(ω0) +W∞Φ̃φq(ω0)− iω0Φ̃yq(ω0) (25)

wm(ω0) = U∞Φ̃θq(ω0)− V∞Φ̃φq(ω0)− iω0Φ̃zq(ω0)

where matrices um(ω0), vm(ω0),wm(ω0) have dimensionsN ×K, so that there is one column

7
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for each of the modes. Substituting the components of the free stream from equation 4 leads to

ūm(k0) = V̄∞Φ̃ψq(k0)− W̄∞Φ̃θq(k0)−
2ik0
c0

Φ̃xq(k0)

v̄m(k0) = −Ū∞Φ̃ψq(k0) + W̄∞Φ̃φq(k0)−
2ik0
c0

Φ̃yq(k0) (26)

w̄m(k0) = Ū∞Φ̃θq(k0)− V̄∞Φ̃φq(k0)−
2ik0
c0

Φ̃zq(k0)

where ūm(k0) = um(k0)/Q∞, v̄m(k0) = vm(k0)/Q∞, w̄m(k0) = wm(k0)/Q∞, Ū∞ =
U∞/Q∞, V̄∞ = V∞/Q∞, W̄∞ =W∞/Q∞. The unsteady solution becomes

µ̄(k0) = K(k0)µ̄n(k0)

φ̄x(k0) = Kx(k0)µ̄n(k0), φ̄y(k0) =Ky(k0)µ̄n(k0), φ̄z(k0) =Kz(k0)µ̄n(k0) (27)

µ̄n(k0) = −
(

1

β
ūm(k0) ◦ nξ + v̄m(k0) ◦ nη + w̄m(k0) ◦ nζ

)

where φ̄x(k0) = φx(k0)/Q∞, φ̄x(k0) = φx(k0)/Q∞, φ̄y(k0) = φy(k0)/Q∞, φ̄z(k0) =
φz(k0)/Q∞. Furthermore, the steady solution is given by

µ̄n(0) = −
(

Ū∞

β
nξ + V̄∞nη + W̄∞nζ

)

φ̄x(0) = −Kx(0)µ̄n(0), φ̄y(0) = −Ky(0)µ̄n(0), φ̄z(0) = −Kz(0)µ̄n(0)

Consequently, the steady pressure distribution of equation 20 becomes

cp0 = 1− (ū(0) ◦ ū(0) + v̄(0) ◦ v̄(0) + w̄(0) ◦ w̄(0)) +M2
∞

(

φ̄x(0) ◦ φ̄x(0)
)

(28)

Similarly, the oscillatory pressure distribution of equation 23 becomes

cp(k0) = − 1

β
(C̄0 ◦ nξ)ūm − 2ū(0) ◦ ūm − (C̄0 ◦ nη)v̄m − 2v̄(0) ◦ v̄m

−(C̄0 ◦ nζ)w̄m − 2w̄(0) ◦ w̄m +
2ik0
c0β

(C̄1 ◦ nξ)ūm

+
2ik0
c0

(C̄1 ◦ nη)v̄m +
2ik0
c0

(C̄1 ◦ nζ)w̄m (29)

where

C̄0(k0) = 2M2
∞
Kx(k0) ◦ φ̄x(0)− 2Kx(k0) ◦ ū(0)− 2Ky(k0) ◦ v̄(0)

−2Kz(k0) ◦ w̄(0)

C̄1(k0) = 2K(k0)− 2M2
∞
K(k0) ◦ φ̄x(0)

so that cp(k0) only depends on k0 and M∞.

Substituting from equations 26 into equation 29 yields

cp(k0) =
(

cpφ(k0) + cpθ(k0) + cpψ(k0)
)

q(k0)

+ik0

(

cpẋ(k0) + cpẏ(k0) + cpż(k0) + cpφ̇(k0) + cpθ̇(k0) + cpψ̇(k0)
)

q(k0)

+ (ik0)
2 (
cpẍ(k0) + cpÿ(k0) + cpz̈(k0)

)

q(k0) (30)

8
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where the N × K matrices cpφ(k0), cpθ(k0), cpẋ(k0), cpẏ(k0), cpẍ(k0), cpÿ(k0), etc, can be

referred to as pressure derivatives and are given by

cpφ(k0) = −W̄∞C̄0(Φ̃φ ◦ nη)− 2W̄∞v̄(0) ◦ Φ̃φ + V̄∞C̄0(Φ̃φ ◦ nζ) + 2V̄∞w̄(0) ◦ Φ̃φ

cpθ(k0) =
W̄∞

β
C̄0(Φ̃θ ◦ nξ) + 2W̄∞ū(0) ◦ Φ̃θ − Ū∞C̄0(Φ̃θ ◦ nζ)− 2Ū∞w̄(0) ◦ Φ̃θ

cpψ(k0) = − V̄∞
β
C̄0(Φ̃ψ ◦ nξ)− 2V̄∞ū(0) ◦ Φ̃ψ + Ū∞C̄0(Φ̃ψ ◦ nη) + 2Ū∞v̄(0) ◦ Φ̃ψ

cpẋ(k0) = − 2

c0

(

1

β
C̄0(Φ̃x ◦ nξ) + 2ū(0) ◦ Φ̃x

)

cpẏ(k0) = − 2

c0

(

C̄0(Φ̃y ◦ nη) + 2v̄(0) ◦ Φ̃y

)

cpż(k0) = − 2

c0

(

C̄0(Φ̃z ◦ nζ) + 2w̄(0) ◦ Φ̃z

)

cp
φ̇
(k0) =

2

c0

(

−W̄∞C̄1(Φ̃φ ◦ nη) + V̄∞C̄1(Φ̃φ ◦ nζ)
)

cp
θ̇
(k0) =

2

c0

(

W̄∞

β
C̄1(Φ̃θ ◦ nξ)− Ū∞C̄1(Φ̃θ ◦ nζ)

)

cp
ψ̇
(k0) =

2

c0

(

− V̄∞
β
C̄1(Φ̃ψ ◦ nξ) + Ū∞C̄1(Φ̃ψ ◦nη)

)

cpẍ(k0) = − 4

βc20
C̄1(Φ̃x ◦ nξ)

cpÿ(k0) = − 4

c20
C̄1(Φ̃y ◦ nη)

cpz̈(k0) = − 4

c20
C̄1(Φ̃z ◦ nζ)

The aerodynamic loads caused by the pressure distribution on each panel are given by

Fx(k) = cp(k) ◦ s ◦ nx
Fy(k) = cp(k) ◦ s ◦ ny (31)

Fz(k) = cp(k) ◦ s ◦ nz
where Fx(k), Fy(k), Fz(k), are N × K matrices of the aerodynamic loads per Pascal acting

on each panel for each mode in the x, y and z directions and s the N × 1 vector of the areas

of the panels. Setting k = 0 and substituting for cp(k0) from equation 28 results in the steady

aerodynamic loads

Fx(0) = cp0 ◦ s ◦ nx, Fy(0) = cp0 ◦ s ◦ ny, Fz(0) = cp0 ◦ s ◦ nz
Then, setting k = k0 and substituting for cp(k0) from equation 30, the oscillatory aerodynamic

loads can be written as

Fx(k0) =
(

Fx0(k0) + ik0Fx1(k0) + (ik0)
2Fx2(k0)

)

q(k0)

Fy(k0) =
(

Fy0(k0) + ik0Fy1(k0) + (ik0)
2Fy2(k0)

)

q(k0) (32)

Fz(k0) =
(

Fz0(k0) + ik0Fz1(k0) + (ik0)
2Fz2(k0)

)

q(k0)

9



IFASD-2024-199

where

Fx0(k0) =
(

cpφ(k0) + cpθ(k0) + cpψ(k0)
)

◦ s ◦ nx
Fx1(k0) =

(

cpẋ(k0) + cpẏ(k0) + cpż(k0) + cpφ̇(k0) + cpθ̇(k0) + cpψ̇(k0)
)

◦ s ◦ nx
Fx2(k0) =

(

cpẍ(k0) + cpÿ(k0) + cpz̈(k0)
)

◦ s ◦ nx

and similarly for the other two directions. The final step is to create aerodynamic load arrays

that correspond to the degrees of freedom of the finite element model, i.e.

F (0) =















































Fx1(0)
Fy1(0)
Fz1(0)

0
0
0
...

FxN (0)
FyN (0)
FzN (0)

0
0
0















































, F (k0) =















































Fx1,1(k0) Fx1,2(k0) . . . Fx1,K (k0)
Fy1,1(k0) Fy1,2(k0) . . . Fy1,K (k0)
Fz1,1(k0) Fz1,2(k0) . . . Fz1,K (k0)

0 0 . . . 0
0 0 . . . 0
0 0 . . . 0
...

...
. . .

...

FxN,1(k0) FxN,2(k0) . . . FxN,K(k0)
FyN,1(k0) FyN,2(k0) . . . FyN,K (k0)
FzN,1(k0) FzN,2(k0) . . . FzN,K (k0)

0 0 . . . 0
0 0 . . . 0
0 0 . . . 0















































q(k0)

where F (0) is 6N × 1 vector, F (k0) is a 6N × K matrix, FxI (0), FyI (0), FzI (0) are the

elements of vectors Fx(0), Fy(0), Fz(0) and FxI,J (k0), FyI,J (k0), FzI,J (k0) the elements of

matrices Fx(k0), Fy(k0), Fz(k0) for I = 1, . . . , N , J = 1, . . . , N . The aeroelastic equation of

motion becomes

Eq(0) =
1

2
ρQ2

∞
Q(0) (33)

for k = 0, whereQ(0) = Φ̃TF (0), and

Aq̈+Eq =
1

2
ρQ2

∞
Q(k0)q (34)

for k = k0, where the K ×K generalized aerodynamic force matrix is obtained from Q(k0) =
Φ̃TF (k0). Alternatively, if the decomposition of equation 32 is used, equation 34 can be written

as

Aq̈+Eq =
1

2
ρQ2

∞

(

Q0(k0) + ik0Q1(k0) + (ik0)
2Q2(k0)

)

q (35)

whereQ0(k0),Q1(k0),Q2(k0) are the K×K generalized aerodynamic stiffness, damping and

mass matrices; Q0(k0) is calculated from the elements of matrices Fx0(k0), Fy0(k0), Fz0(k0),
Q1(k0) from Fx1(k0), Fy1(k0), Fz1(k0) and Q2(k0) from Fx2(k0), Fy2(k0), Fz2(k0).

4 APPLICATION TO THE AGARD WING

The aeroelastic source and doublet panel method presented in this work is applied to the well-

known weakened AGARD 445.6 wing experimental test case [11]. This flexible half-wing

model had root chord of c0 = 0.589 m, taper ratio λ = 0.6576, half-span b/2 = 0.762 m,

sweep angle at the quarter-chord Λc/4 = 45◦, half aspect ratio 1.6525 and a NACA 65A004

airfoil section oriented in the streamwise direction. It was made of laminated mahogany but

10
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was weakened by drilling holes in it and filling them with foam; its mass was 1.673 kg and the

natural frequency of its first torsion mode ωα = 239.3. It was installed at an angle of attack

α0 = 0◦ in the Langley Transonic Dynamics Tunnel and tested for flutter using both air and

Freon as the testing medium. The free stream Mach numbers of the tests ranged from 0.34 to

1.14.

The finite element model for the weakened AGARD 445.6 wing was constructed using the

Equivalent Plate Method (EPM) [12,13]. Non-zero mode shapes were obtained for Φz, Φφ and

Φθ; displacements x and y were negligible and the model does not have a degree of freedom

in the ψ direction. Figure 1 plots the first four mode shapes in the z direction, Φz, obtained

using the model. The first mode features mainly bending, mdoe 2 mainly torsion, mode 3

combines both bending and torsion while mode features mainly torsion. Table 1 compares the

natural frequencies of the five modes obtained from the EPM to the experimentally measured

data. Structural damping was not measured during the experiments but the damping ratio was

estimated to be ζ = 0.02 [11]. Consequently, a structural damping matrix was created using

C = diag(2ζωn)

where ωn is the K × 1 vector whose elements are the natural frequencies calculated from the

finite element model, noting that matrix A is the unit matrix and E features the squares of the

natural frequencies on its diagonal.

Table 1: Natural frequencies in Hz of the first five mode shapes of the weakened AGARD 445.6 wing

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

FE model 9.67 40.07 50.30 96.55 125.58

Experiment 9.60 38.17 48.35 91.54 118.11

The flat mode shapes calculated by the finite element model were applied to both the upper and

lower surfaces of the SDPM model. The mode shapes were interpolated onto the control points

for the SDPM panels and mirrored across the y = 0 plane in order to represent the complete

wing geometry. Then, the same modal displacements were applied to both the upper surface

and the lower surface. Nevertheless, as the structural matrices represent the dynamics of a

half-wing, the generalized aerodynamic matrices of equations 33 to 35 were calculated from

Q(0) = Φ̃TF (0)/2,Q(k0) = Φ̃TF (k0)/2 and similarly forQ0(k0),Q1(k0),Q2(k0).

The SDPM grid spacing was chosen to be nonlinear in both the chordwise and spanwise direc-

tions, such that the grid was finest around the leading edge and wingtips. A grid convergence

study was carried out to choose the optimal values for m and n, the chordwise and spanwise

numbers of panels. In all cases, the number of chordwise wake panels was set to mw = 10m,

such that the grid extended to 10 root chords downstream of the trailing edge. The flutter cases

simulated concerned the tests carried out in air at Mach numbers ranging from 0.499 to 0.96.

As the aeroelastic system contains structural damping, equation 35 was modified to

Aq̈+Cq̇ +Eq =
1

2
ρQ2

∞

(

Q0(k) + ikQ1(k) + (ik)2Q2(k)
)

q (36)

and was solved using determinant iteration. First, matrices Q0(kj), Q1(kj) and Q2(kj) were

calculated at 10 reduced frequency values, kj , between 0.001 and 2.0. Then, the determinant

11
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(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

Figure 1: First four out-of-plane mode shapes, Φz , calculated for the weakened AGARD 445.6 wing using the

Equivalent Plate Method

problem

D =

∣

∣

∣

∣

(

4Q2
∞

c20
A− 1

2
ρQ2

∞
Q2(k)

)

p2 +

(

2Q∞

c0
C − 1

2
ρQ2

∞
Q1(k)

)

p

+

(

E − 1

2
ρQ2

∞
Q0(k)

)∣

∣

∣

∣

= 0

was solved using a Newton-Raphson procedure, where p = g + ik is one of the system’s eigen-

values at airspeed Q∞. There are two equations ℜ(D) = 0, ℑ(D) = 0, with two unknowns,

g and k. The experimental results give the free stream Mach number, airspeed, speed of sound

and density of the flutter points identified. Two options exist for the calculation:

• Set the free stream density to the experimentally measured value and carry out determi-

nant iterations in order to calculate the flutter airspeed and frequency.

• As the flutter point is matched and the free stream Mach number and speed of sound are

known, the flutter speed can be considered to be known. Then, determinant iterations can

be carried out to calculate the flutter density and frequency.

The two approaches give identical results for the flutter frequency and flutter speed index, de-

12
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fined as

Q∗

F =
2QF

c0ωα
√
µ

(37)

where QF is the flutter airspeed in m/s and µ is the mass ratio. The first approach ensures

that the free stream density is identical to the one measured experimentally, while the second

ensures that the flutter point is matched.

0.4 0.5 0.6 0.7 0.8 0.9 1
0.3

0.35

0.4

0.45
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DLM

Exp.

(a) Q∗

F

0.4 0.5 0.6 0.7 0.8 0.9 1
0.35

0.4

0.45

0.5

0.55

0.6
SDPM

DLM

Exp.

(b) ωF /ω alpha

Figure 2: Flutter predictions by the SDPM and DLM for the AGARD wing

The AGARD wing flutter problem was also solved using the Doublet Lattice method for com-

parison purposes. The generalized aerodynamic force matrix was calculated by means of a

re-implementation of the DLM technique by Blair [5, 14] and the flutter points were obtained

using the modified p-k method [15,16]; the finite element modes were those used for the SDPM

calculations. Figure 2 plots the flutter airspeeds and frequencies obtained from the SDPM and

DLM for all the subsonic Mach number test cases and compares them to the experimental mea-

surements. The wind-off natural frequency of the second mode predicted by the finite element

model was used for ωα. It should be stressed that both the SDPM and DLM cannot predict

shock waves so that their predictions for M∞ > 0.7 are not reliable. Nevertheless, it can be

seen that both sets of predictions follow closely the experimental data up to M∞ = 0.9, noting

that the SDPM results are in slightly better agreement with the wind tunnel measurements.

5 APPLICATION TO THE NASA BENCHMARK RECTANGULAR WINGS

NASA tested three rectangular finite wing models with pitch and plunge degrees of freedom at

the Langley Transonic Dynamics Tunnel [17–19]. The half-wing models had the same dimen-

sions and aspect ratios but different cross sections. The span was b = 1.63 m (half-span 0.81 m)

and the constant chord c0 = 0.41 m, resulting in a half-wing aspect ratio of 2 (full aspect ratio

of 4). The three chosen cross sections were NACA 0012, NACA 64A010 and NASA SC(2)

0414. The wings were rigid but were suspended from a flexible structure known as the Pitch

and Plunge Apparatus (PAPA) [20], giving them plunge, h, and pitch around the half-chord, α,

degrees of freedom. The structural mass and stiffness matrices are given by

A =

(

m 0
0 Iα

)

, E =

(

Kh 0
0 Kα

)

where m is the mass of the wing, Iα its moment of inertia around the pitch axis, xf = c0/2
the chordwise position of the pitch axis, Kh the stiffness of the suspension mechanism in the

13
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plunge direction andKα the stiffness in the pitch direction. Only one set of structural parameters

is given in [19] for the three wings, stating that this set is representative of all three systems.

However, slightly different parameter values are given in [17] for the NACA 0012 and in [18] for

the NASA SC(2) 0414, wich is also referred to as the Benchmark SuperCritical Wing (BSCW).

The three sets of values are given here in table 2, where ωh and ωα are the uncoupled, wind-off

natural frequencies in plunge and pitch respectively.

Table 2: Structural parameters of the three benchmark models

Wing m (kg) Iα (kg.m2) Kh (N/m) Kα (Nm/rad) ωh (rad/s) ωα (rad/s)

NACA 0012 87.07 3.68 3.88× 104 3.93× 103 21.11 32.67

NACA 64A010 87.91 3.76 3.84× 104 4.01× 103 20.92 32.67

NASA SC(2) 0414 88.44 3.69 3.85× 104 4.02× 103 20.86 32.99

The structural damping is given as 0.0024 or 0.001 for both degrees of freedom, depending

on the reference, but it is unclear if this value was a decay rate or the damping ratio. As the

structural damping of the PAPA system is very low [20], structural damping was ignored in the

present work. The wings were tested at a range of Mach numbers between 0.3 and 0.95 in both

air and R-12 heavy gas.

In this case, the body is rigid body and the relative velocity between the flow and the wing is

defined by the plunge displacement, h(t), defined positive downwards, and the pitch rotation

α(t) around the pitch axis, xf = (xf , yf , zf ), defined positive nose-up. Then,

urel(t) = −α̇(t)(zc − zf)

vrel(t) = 0 (38)

wrel(t) = Q∞α(t) + α̇(t)(xc − xf ) + ḣ(t)

where xc, yc, zc are the N × 1 vectors whose elements are the x, y and z coordinates of the

control points. Note that h is defined positive downwards in equations 38, which is the standard

Theodorsen theory definition. The SDPM solution procedure is similar to the one developed for

flexible motion but the pressure derivatives are simplified to

cp
ḣ
(k0) = − 2

c0

(

C̄0nζ + 2w̄(0)
)

cp
ḧ
(k0) = −

(

2

c0

)2

C̄1nζ

cpα(k0) = −Ū∞

(

C̄0nζ + 2w̄(0)
)

(39)

cpα̇(k0) =
2

c0

(

1

β
C̄0 (nξ ◦ (ζc − ζf))− C̄0 (nζ ◦ (ξc − ξf))− Ū∞C̄1nζ

+ 2ū(0) ◦ (ζc − ζf)− 2w̄(0) ◦ (ξc − ξf)

)

cpα̈(k0) =

(

2

c0

)2 (
1

β
C̄1 (nξ ◦ (ζc − ζf))− C̄1 (nζ ◦ (ξc − ξf))

)

such that the complete oscillatory pressure is given by

cp(k0) = cpα(k0)α(k0) + ik0
(

cp
ḣ
(k0)h(k0) + cpα̇(k0)α(k0)

)

+(ik0)
2
(

cp
ḧ
(k0)h(k0) + cpα̈(k0)α(k0)

)

(40)

14



IFASD-2024-199

The aerodynamic load and moment derivatives around the pitch axis are given by

Fxα(k0) = −cpα(k0) ◦ s ◦ nx
Fyα(k0) = −cpα(k0) ◦ s ◦ ny
Fzα(k0) = −cpα(k0) ◦ s ◦ nz
Mxα(k0) = −cpα(k0) ◦ s ◦ (−ny ◦ (zc − zf) + nz ◦ (yc − yf))

Myα(k0) = −cpα(k0) ◦ s ◦ (nx ◦ (zc − zf)− nz ◦ (xc − xf ))

Mzα(k0) = −cpα(k0) ◦ s ◦ (−nx ◦ (yc − yf) + ny ◦ (xc − xf ))

and similarly for the derivatives with respect to ḣ, α̇, ḧ, α̈. The aerodynamic stiffness, damping

and mass matrices are given by

Q0(k0) =

(

0 −
∑N

i=1 Fzα(k0)

0
∑N

i=1Myα(k0)

)

, Q1(k0) =

(

−∑N
i=1 Fzḣ(k0) −∑N

i=1 Fzα̇(k0)
∑N

i=1My
ḣ
(k0)

∑N
i=1Myα̇(k0)

)

Q2(k0) =

(

−
∑N

i=1 Fzḧ(k0) −
∑N

i=1 Fzα̈(k0)
∑N

i=1My
ḧ
(k0)

∑N
i=1Myα̈(k0)

)

where all derivatives ofFz are negative becauseFz is defined as positive downwards in Theodorsen

theory. The aeroelastic equation of motion of expression 36 is then set up and solved using the

determinant iteration technique, noting that q = (h α)T .
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Figure 3: Flutter predictions by the SDPM and DLM for the rectangular NACA 0012 wing

Figure 3 plots the flutter speed index and frequency ratio predicted by the SDPM and DLM

for the rectangular NACA 0012 wing and compares them to the experimental measurements.

Note that there is a question mark on the experimental calculation of the flutter speed index;

the frequency used does not appear to be the wind-off uncoupled pitch natural frequency but

34.2 rad/s, a frequency that is not mentioned anywhere in [17] or [19]. As a consequence, the

experimental values of the flutter speed index plotted in figure 3(a) were re-calculated using the

standard definition of equation 37 and the value of ωα given in table 2 for the NACA 0012 wing.

Figure 3(a) shows that the flutter dip for this system occurs very early, at around M∞ = 0.77.

The NACA 0012 is a thick airfoil and shock waves occur on its surface at relatively low Mach

numbers. The SDPM predictions forQ∗

F follow closely the experimental data up toM∞ = 0.51
but the method fails to predict the flutter dip, since if cannot model shock waves. The DLM

estimates for the flutter speed index are slightly overestimated compared to both the SDPM
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results and the experimental measurements. The flutter frequency ratios predicted by both panel

methods are in good agreement with experimental measurements, with maximum errors of

around 2%.
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Figure 4: Flutter predictions by the SDPM for the rectangular NACA 64A010 wing

Figure 4(a) plots the flutter speed index and frequency ratio predicted by the SDPM for the

rectangular NACA 0012 wing and compares them to the experimental measurements. The

mean pitch angle was set to α0 = 0.40◦ − 0.48◦, except for the flutter points at M∞ > 0.9,

for which α0 = 0◦. Equations 39 show that the value of α0 is taken into account by the SDPM

through the values of ū(0) and w̄(0). It can be seen that the flutter speed index calculated by the

SDPM is overestimated for M∞ ≤ 0.81 and underestimated for M∞ > 0.81. Nevertheless, the

maximum error in Q∗

F is around 4.4%. The experimental data show that the flutter dip probably

occurs at around M∞ = 0.75. The SDPM frequency ratio predictions are very accurate up

the flutter points occurring at M∞ > 0.9, α0 = 0◦. These points are characterized as ‘plunge

flutter’ in [19] and have significantly lower frequency than the SDPM prediction. Nevertheless,

the SDPM is not expected to represent accurately any of the flutter points occurring at or beyond

the flutter dip.
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Figure 5: Flutter predictions by the SDPM for the rectangular NASA SC(2) 0414 wing (BSCW)

Figure 4(a) plots the flutter speed index and frequency ratio predicted by the SDPM for the

rectangular NASA SC(2) 0414 wing and compares them to the experimental measurements.
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Here, the results denoted by α0 = 0◦ and α0 = 1◦ were obtained with free transition while

those denoted by grit were obtained iwith α0 = 0◦ and fixed transition. The SDPM is an inviscid

technique so that the transition position cannot affect its predictions. Only Mach number and

mean angle of attack effects can be represented by the method. Nevertheless, it can be seen that

the SDPM predicts flutter indices and frequency ratios closer to the fixed transition experimental

measurements and that the change in α0 from 0◦ to 1◦ has a very small effect on its predictions.

The experiments show a higher sensitivity to the value of α0, albeit for the free transition case.

6 CONCLUSIONS

This work has presented a development of the unsteady compressible source and double panel

method in order to predict subsonic flutter. The main advantages of this approach with respect

to the traditional Doublet Panel Method are:

• The complete pressure distribution around the exact surface is calculated.

• The pressure is calculated from a nonlinear second order version of Bernoulli’s equation.

• The oscillatory pressure is written in terms of the derivatives of the pressure with respect

to the modes, such that aerodynamic stiffness, damping and mass contributions can be

evaluated separately.

• The surface motion is not limited to the out-of-plane direction; mode shapes can have

components in all six degrees of freedom.

• The flutter predictions of the SDPM lie closer to the experimental validation data than

those of the DLM.

As a final thought, it should be stated that a transonic correction technique has also been devel-

oped for the SDPM in order to correct its unsteady pressure predictions using steady pressure

distributions calculated by a higher fidelity method [21]. This technique has already been ex-

tended to flutter solutions [22].
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