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Abstract: Shock oscillation arising due to shock-boundary layer interaction in transonic flow,
also known as transonic buffet, gives rise to time varying airloads on fan and compressor blades,
which can lead to failure of the concerned component through fatigue. Therefore, accurate
estimates of the onset of transonic buffet, shock displacement, and buffet frequency are critical
to lifing assessment of turbomachinery blades. In the present work, we use a global stability
framework for transonic flow to predict transonic shock buffet in an axial flow fan, the NASA
rotor 67. Global stability analysis of fluid flow involves investigation of the behavior of a steady
or mean flow field, also known as base flow, upon introduction of small three-dimensional
perturbations, in terms of growth or decay of the resulting flow field. In this work, aerodynamic
stability of the flow field is predicted at an operating point on the fan operating map, where
buffet is reported, using global stability analysis, and the prediction obtained so is compared
vis-à-vis the prediction obtained using unsteady Reynolds-averaged Navier-Stokes (URANS)
simulation.

1 INTRODUCTION

Transonic shock buffet or self-sustained shock oscillation in transonic flow gives rise to time-
varying pressure fluctuations on gas turbine fan and compressor blades, thus causing unsteady
aerodynamic loading that can trigger structural vibration, also known as buffeting, which in turn
can potentially lead to fatigue and failure of the concerned component. Accurate estimates of
the onset of transonic buffet, shock displacement, and buffet frequency are critical to assess the
extent of unsteady loading on turbomachinery blades undergoing transonic buffet.

Shock-boundary layer interaction with boundary layer separation and shock oscillation during
transonic flight is well-investigated in fixed wings [1–5]. Reviews of literature over the past two
decades record the progress made in understanding this phenomenon using both wind tunnel
experiments and high fidelity numerical investigations [6–8].

In turbomachinery, there is a dearth of literature that have studied transonic buffet. Refer-
ence [9] investigated shock structure and shock oscillations of a transonic fan, NASA rotor
67, using laser anemometry data. References [10, 11] investigated shock-boundary layer inter-
actions and shock oscillations in a compressor cascade (non-rotating) consisting of six blades
placed in a transonic flow. Recently, Ref. [12] simulated transonic buffet on NASA rotor 67 near
design mass flow operating point using URANS and reported of pressure waves circumferen-
tially traveling at part-speed of fan speed in the spinning direction of the fan found from modal
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decomposition of buffet flow. More recently, Ref. [13] tried to explain the buffet mechanism in
NASA rotor 67 at design mass flow with the help of wave propagation analysis of buffet flow.

Researchers have tried to explain the mechanism of shock buffet using broadly three types of
analyses—1) wave propagation analysis [1–3, 6, 14], 2) modal analysis of flow [15–17], and
global stability analysis [18–20]. With advancements in computational power and numerical
methods, global stability analysis has been a powerful tool for studying shock buffet on three-
dimensional wings. Techniques like the Krylov methods employing the shift-and-invert strategy
(Krylov-Schur [21] and ARPACK [22]) have made it possible to solve large-scale eigenvalue
problems associated with realistic wing geometries. Global stability analysis stands out for
its ability to provide detailed quantitative and qualitative insights into the mechanisms of tran-
sonic shock buffet. Its comprehensive perspective on flow behavior, predictive capabilities,
versatility, and integration with computational methods make it a superior tool for researchers
aiming to understand and mitigate shock buffet in aerodynamic applications. Global stability
analysis involves examining the linear stability of a base flow to understand the onset and de-
velopment of flow instabilities. It uses the Navier-Stokes equations linearized around a steady
or time-averaged (mean) flow solution. By solving the eigenvalue problem, resulting of the lin-
earization, one can identify unstable modes and their growth rates, providing insights into the
mechanisms driving flow instabilities.

While there is appreciable amount of literature available on the use of global stability analysis
on wings and wing-sections to study shock buffet, there is hardly any in the realm of turbo-
machinery. In this work, we intend to capture and understand the underlying flow physics of a
transonic fan undergoing shock buffet using global stability analysis.

2 TESTCASE
The test case chosen for this work is a transonic axial-flow fan—the NASA rotor 67. Ex-
perimental data for steady state performance of rotor 67 including geometry details are avail-
able in [23, 24]. The rotor 67 has 22 low aspect ratio blades with a design rotational speed of
16043 rev/min, a design mass flow rate of 33.25 Kg/s, and a design pressure ratio of 1.63. The
design rotor tip speed is 429 m/s and the design tip clearance is 0.001016 m. Figure 1 shows

Figure 1: Meridional view of NASA rotor 67 and aerodynamic survey locations [23].

the meridional view of the configuration and aerodynamic survey locations (AERO STATIONS
1 and 2) where relevant flow variables are sampled for evaluating the fan performance parame-
ters [23].
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For this fan configuration shock oscillations were reported from laser anemometry observa-
tions [23], and the authors have simulated transonic buffet using URANS earlier [13]. In the
present work, we aim to predict the unsteady flow field during shock buffet using global stability
analysis.

3 COMPUTATIONAL METHODS

3.1 Numerical method for fluid flow simulation

3.1.1 Governing equations

The Stanford University Unstructured or SU2 [25, 26] suite of computer codes for solving
Reynolds-averaged Navier-Stokes (RANS) and URANS equations is used to obtain fluid flow
solutions. SU2 is a cell-vertex based finite volume solver. The system of governing equations
in conservative form for a domain Ω ⊂ R3 in compressible viscous flow is given by

R(U) =
∂U

∂t
+∇ · Fc −∇ · Fv −Q = 0, in Ω, t > 0. (1)

where U = [ρ, ρq, ρE]T is the vector of conservative variables with ρ denoting the fluid den-
sity, q is the flow velocity in the rotating frame of reference, and E is the relative total energy
per unit mass [27, 28]. Fc is the vector of convective fluxes, Fv is the vector of viscous fluxes
and Q is the vector of source terms in the rotating frame of reference given by

Fc =

 ρq

ρq ⊗ q + ¯̄Ip
ρIq

 , Fv =

 0
¯̄τ

¯̄τ · q + µtotcp∇T

 ,

Q =

 0
ρ(f + fcor + fcent)

ρf · q + qH


with I = h + q2

2
− u2

2
denoting the rothalpy for systems referenced in a rotating frame where,

h is the enthalpy of the system and u = Ω × r is the entrainment velocity, Ω and r being
the rotational speed of the rotating frame and the position vector respectively, and ¯̄I is the unit
tensor and p is the pressure. µtot =

µlam

Prlam
+ µtur

Prtur
is the non-dimensional viscosity, Prlam and

Prtur being the laminar and turbulent Prandtl numbers respectively, and cp is the specific heat
at constant pressure and T is the temperature. The turbulent viscosity µtur is derived using a
suitable turbulence model. The viscous stress tensor ¯̄τ is given as

¯̄τ = µtot

(
∇q +∇qT − 2

3
∇.q¯̄I

)
The term f is the external force (per unit volume) vector and the additional terms fcor =
−2(Ω×q) and fcent = −Ω×(Ω×r) are the Coriolis and centrifugal forcing terms respectively
that appear when the frame of reference is rotating with an angular velocity Ω, and qH is the
external heat source. The pressure is related to the velocities and energy through the equation
of state.

3.1.2 Numerical schemes

The governing partial differential equations Eq. 1 are solved using a cell-vertex based finite
volume scheme [28] where the variables are evaluated at the vertices of the constituent sub-
domains. The convective fluxes are discretized using a Roe upwind scheme [29] and second
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order MUSCL reconstruction was achieved using the Van Albada limiter [30]. The viscous
terms were discretized using an average-gradient formulation. The gradients were evaluated
using a lest-squares method [27] at all nodes and subsequently approximating that at the cell
faces. The source terms are approximated using piece-wise constant reconstruction within each
of the finite volume cells.

The spatially discretized equations are temporally discretized and integrated using the Euler
implicit method. It employs the generalized minimum residual (GMRES) method which ap-
proximates the solution by the vector in a Krylov subspace with minimal residual, found by
Arnoldi iteration. An incomplete Lower-Upper (ILU) factorization scheme is employed for
pre-conditioning the linear solver.

A Courant–Friedrichs–Lewy (CFL) number of 20 was chosen for the steady state simulations.

3.1.3 Turbulence model

The Spalart-Allmaras (SA) turbulence model [31] with Edwards and Chandra’s correction [32]
is used for carrying out all simulations presented in this paper. The choice of this variant of the
SA turbulence model is driven by the fact that transonic buffet on supercritical airfoils [15, 33]
and on three-dimensional fixed wing [34] is successfully simulated using this turbulence model.
The Edwards and Chandra’s correction improves the near-wall behaviour of the standard SA
model. This turbulence model tries to address the failure of eddy-viscosity based turbulence
models to induce the correct rate of boundary-layer recovery following separation, and thus is
able to predict shock buffet which involves intermittent boundary-layer separation and reattach-
ment.

The standard SA model maintains the log-layer behavior of the strain-rate norm all the way to
the wall and displays singular behaviour for it in the near-wall region. With alternative formula-
tions for the strain-rate norm and the argument of the wall-blockage function, the version of SA
turbulence model by Edwards and Chandra gives a more stable way of accounting for the be-
havior of the strain-rate norm in the laminar sub-layer with better convergence when compared
with the standard SA model.

3.1.4 Boundary conditions

For the flow, total pressure and total temperature are specified at the inlet as boundary condi-
tions. At the exit, suitable static/back pressure is applied as boundary condition to achieve the
desired mass flow rate. No-slip and adiabatic boundary conditions are applied to the solid walls.
The flow boundary conditions for the chosen test case, taken from Ref. [23], are presented in
Table 1.

Table 1: Boundary conditions

Boundary Description
Inlet Total Pressure (101325Pa)

Total Temperature (288.15K)
Outlet Static pressure/back pressure
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3.1.5 Computational grid

The extents of a periodic sector consisting of a single passage of the computational domain
used along with a picture of the full-annulus mesh is shown in Fig. 2. The inlet is chosen to
be at an axial location one and half times the axial chord upstream of the blade leading edge
at hub and the outlet is chosen to be at an axial location twice the axial chord downstream of
the blade trailing edge at hub. The flow domain was discretized with a H-O-H type of grid
using Autogrid5 Academic software. The full-annulus mesh was constructed by duplicating the
single-passage mesh 22 times.
A grid consisting of 0.81 million cells per blade passage was selected following a grid conver-
gence study based on steady state performance that included two more grids with cell counts
of 0.4 and 1.6 million cells. The chosen grid consists of 117 and 57 divisions in the axial and
circumferential directions respectively. The blade surface mesh consists of 75 elements in the
span-wise direction. The mesh surrounding the blade surface consists of 17 O-grids and the
mesh beyond that consists of H-grids. 17 span-wise cells are used for generating the tip gap
region mesh which is surrounded by 15 O-grids. The y+ values were kept with in the upper
bound of 1 at the blade, hub and shroud surfaces. More details on the computational grid can
be found in [13].

Figure 2: Computational domain with boundaries (left) and mesh (right)

3.2 Global stability analysis

Global stability analysis involves investigation of the behavior of a steady or mean flow field,
also known as base flow, upon introduction of small three-dimensional perturbations, in terms
of growth or decay of the resulting flow field. The governing Eq.(1), after spatial discretization,
can be written as

dU

dt
= R(U) (2)

If there exists a base flow Ub, then R(Ub) = 0 as the base flow is stationary by definition. To
assess the stability of the base flow, a small perturbation U′ is applied to the base flow Ub so
that the resulting perturbed flow is U = Ub + U′. After linearizing the discretized Eq.(2) to
first order, the governing equation for the perturbation can be written as

dU ′

dt
= JU ′ (3)
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where J = ∂R
∂U

∣∣
U=Ub

is the Jacobian corresponding to the linearization of the residual R around

the base flow Ub. Assuming a solution of the form U ′(x, y, z, t) = Û(x, y, z)eλt, Eq.(3) can be
written as an eigenvalue problem as follows.

JÛ = λÛ (4)

where Û are the global modes and λ = σ + iω are the eigenvalues, σ and ω representing the
growth rate and frequency (angular) of the global modes respectively. The base flow becomes
unstable when at least one of the global modes exhibits a positive growth rate.
Elements of the Jacobian corresponding to a stencil usually depend only on the variables within
the immediate neighbourhood of the particular stencil. Thus the Jacobian is usually a sparse
matrix. The eigenvalue problem Eq.(4) is solved using SLEPc (Scalable Library for Eigenvalue
Problem Computations) and PETSc (Portable, Extensible Toolkit for Scientific Computation).
The Krylov-Schur [21] algorithm is used for solving the eigenvalue problem with a shift-and-
invert strategy. The distributed direct sparse lower-upper (LU) solver MUMPS (MUltifrontal
Massively Parallel sparse direct Solver) is employed for matrix inversion. The computations
are carried out on a cluster based on 48-core Intel Xeon Cascade Lake 8268 2.9 GHz processors
with 192 GB RAM.

4 RESULTS AND DISCUSSIONS

The fan configuration considered exhibits shock oscillations in the vicinity of the design mass
flow operating point on the fan performance map. We have investigated buffet flow near the
design mass flow operating point. Figures 3 and 4 show relative Mach contours with constant
Mach lines at 70% and 90% span respectively for the chosen operating point. A detached bow

Figure 3: Steady flow results - Relative Mach contours with constant Mach lines at 70% span

shock is seen in these figures which is merged with the passage shock present on the suction
surface. The foot of the passage shock is distorted due to boundary layer growth on the suction
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Figure 4: Steady flow results - Relative Mach contours with constant Mach lines at 90% span

surface. The passage shock at 90% span has moved further inside towards the trailing edge
when compared to that at at 70% span. This is because the shock is observed—in experiments
as well as in our analysis—to be leaning from the inboard span-wise locations towards the tip.
The authors have earlier carried out URANS simulation and captured shock buffet at this oper-
ating point, details of which can be found in [13].The buffet was a turbulent shock buffet with
Re ≈ 3×106 and Strouhal number, St = fct

Urel
≈ 0.076 based on the inlet relative velocity (Urel)

and the blade tip chord (ct), f being the buffet frequency.

Figure 5: Eigen spectrum of the viscous Jacobian in the vicinity of the buffet frequency

The steady flow solution was taken as the base flow for the global stability analysis. The Jaco-
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bians for the convective and viscous conserved variables are extracted from the steady solution
using SU2. A few eigenvalues using the method outlined in Sec. 3.2 are evaluated in the vicin-
ity of the imaginary axis and around a real component corresponding to the buffet frequency.
Figure 5 shows few eigenvalues for the conserved variable ρν̃, where ν̃ is the Spalart-Allmaras
turbulence variable. The global mode corresponding to St = 0.072, for which the eigenvalue is
pointed to with a red arrow in Fig. 5, is shown in Fig. 6 for 70% span. Note that this global mode
is an unstable mode as it has a positive growth rate and the frequency is reasonably close to the
buffet frequency (St = 0.076) that was found from the URANS simulation [13]. Energetic
streets seem to appear aft the bow shock and near the leading edge of each blade. Disturbances
are also seen to be growing from near the foot of the shock aft the the passage shock. Further,
the disturbances originating from adjacent blades seem to interact with each other.
Figure 7 shows the unstable global mode corresponding to the considered eigenvalue at 90%
span. As this span-wise section is very close to the tip (and shroud), the eigen mode is slightly
smeared out than it is at 70% span.
The global stability analysis framework presented here is able to predict the buffet instability
reasonably well including the frequency and the modeshape. Based on a steady flow solution,
one can predict the unstable buffet mode within a few hours of computation in contrast to un-
steady simulations which would usually take weeks of computation time with similar sets of
computational resources for the considered testcase. It is observed however that the global
stability analysis method presented here has a higher requirement of memory—typically one
to two order of magnitude higher, which is also reported in [19]—when compared to that for
unsteady flow simulations for the same problem.

Figure 6: Unstable (buffet) global mode corresponding to ρν̃ at 70% span

5 CONCLUSIONS

A general procedure for carrying out global stability analysis in order to investigate flow in-
stabilities is presented. Global stability analysis is probably employed for the first time for
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Figure 7: Unstable (buffet) global mode corresponding to ρν̃ at 90% span

predicting shock buffet in a turbomachine. Starting with a steady flow solution as a base flow,
transonic shock buffet is predicted for an axial flow fan. The buffet frequency is predicted with
in a margin of error of 5% of the value obtained from unsteady simulation. Besides, useful in-
sights of the buffet flow physics are visualized from the unstable global mode. It is shown that,
utilizing a steady flow solution as base flow, one can predict the unstable buffet mode within
a few hours of computation using global stability analysis in contrast to unsteady flow simula-
tions which would usually take weeks of computation time with similar sets of computational
resources for the considered testcase.
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